EIE=9axn

5 R A
L [MENEAREE

FR AL £4575(Cartesian coordinate system)d > TEFR i~ j M k7 Al EfaE x ~ y Kz #lIE
(YBR[ (Rl E v 1FE =(EE 2 0 Al B v~ vakovs » v IR G

v=viitwjtwkor v=[vi, v, vs]

vi s EIERy vIEx ~ y Bz TRV E © i v AR ERGEEER SRR E & > AIH X ~ y Rz BlHY
iEm > BEIVETAR A~ B~ Ry Fon > WRJTEA > Al

VI =VCOSQ, V2 =VCOSP, V3 =VCOSsY,

v =|v =y +vI+vI B vHIR/N > (flicosa ~ cosP ~ Secosy Ty v BT IERSZ - &AM -
03 IR BR5Z R e

cos’o+cos’P +cos’y =1 C -
Hil v BRELVEAR SRR ERIS R — (S AL E - R ET AL P
a5 B A1 2 Bycosai + cosBj + cosyk ° y/
oy Y
[FENLEFE a=aii+axj+ask, b=bii+bj+ bk » [l . 0 B
A D

atb=(a1+b)it+(ax+by)j+(as+b3)k=b+a

ca=cai+casj+cak

PP E— S A SPATHY M EIP R P EAVAAE - el » % Vi _EEEEE AL
i —FoR R A RA MR & 0 [FEE - =R R = (E A LAy e B S A
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Ex. 1
Find the vector of length 6 in the direction of u =i+ 2j—2k. [99-LLIFEEEIII 1 (c)]

[ﬁf’ﬁ]6lz6 i+2j-2k :6l+2‘|_2k:2i+4j—4k
lul 1 +2%+(=2) 3
Ex. 2 A D
Prove that the diagonals of a parallelogram bisect each other. o
[fi#] - BC=a BA=b
B C

gdzmﬁzm(%+@)=m(lyc+ﬁ)zm(a+b) » H
%zﬁ+@zﬁ+nﬁz§é+n(ﬁ—?€)

=(1-n)BC+nBA =(1-n)a+nb
HFEm@a+b)=(1-na+nb=(m+n-1)a+(m-n)b=0
Ky afdb EILAE Wit mtn-1=0Hm-n=0>Gm=n=1/2> K0 B E LR
Ay - RIS AR G AE o

Ex. 3
If CD = 3BD, AE = 2CE, Find AP: PD. A
[ﬁﬁ]@:tﬁzt(ﬁ+ﬁ):t(ﬁ+%ﬁ):t[ﬁ+%(ﬁ—ﬁ3)] E

A B C
—(CAB+LAC) =L AB+ LAC D
47774 477y

E:§3+§5:E§+sﬁzﬁ+s(ﬁ—ﬁ3)

:(l—s)A—B+%A—C

3¢

4 —t=-=AP:PD=8:1
t_2s 9

4 3

A& 2



Ex. 4
Find the straight line which passes through the two points P(xi, y1, z1), Q(x2, 12, 22).

[ e ELAR B E—BE R X (x, v, 2) > R
PX = tPQ = [(x—x)i+ (=) + (z—20K] =f[(x2—x1)i + (2= 31)j + (22— z0)K]
x=x1=tx2—x1) > y-y1=t(2—y1) ’ z—z1=Hz2—21) 0

XN VTN 27E mEaiiEs X
Xy =X Yo =N Z, — 4 P

[Exercises] 1. Z%R(f) =2fi — cos3tj+ £’k ° jzdin(t) B BT (A . [98 E I EF10]
t

2i+3sin 34+ 3t°k
4 +9sin* 3¢ + 9¢*

[Answers] 1.

frie 3



I NIRRT E G ER)

EF  arb=abcosO=a-b=b-a

Hr0 Ry a 81 b tABH G FT KAV ARE > HO<0<n - (HERAI
MWH :a-a=d > BIAEAGNEBAGRENEH
B WIFEREANEAE > EWEELNER  WIFEREER - HNELNBE -
i-i=l-1-cos0°=1=j-j=1>k-k=1
icj=1:1-c0s90°=0=j-i=j -k=k-j=k-i=i-k=0
DIy 8EFon  Ha=ai+aj+tak’ b=bi+bhj+bk > Al
a‘b=ab+a:b,+asb;

a
a 1 b [5 8 i1 _FHIFEE A/ N /‘
0
N ) _

p:|acos6|:|aﬂ|:|ﬂ|:|a.h|:|a-eb|
ab b b

b

Hrbe, 2 EbHAAVERMUAE -

ffiafEb[a] & J7 A LAV Fs(a - e)es ©

Ex. 5
Let vector F=—i+3j+k, G=2j—4k. Find the angle between the vectors F and G. [102&]%5EE 6]

[f#]F -G =|F || G| cosb

o FG _ (Ci+3j+k)-(2j-4k) _ 0+6-4 _ 1
IFIGI -1y +32+12422 +(—4)® V11-2J5 55
41

0 =cos (\/3)

g 4



Ex. 6
An orthonormal basis for 3-space is {a, b, ¢}, a=b=c=1, any vector v in the space can be written
asv=(v-a)at+(v:-b)b+(v:c)ec.

[f#)5%v=V.a+vb+ve - O]
K Fya, b, ey T EAVEA A E > O3 H1¥ a, b, cNFE » 15
vea=v, > v-b=v, vee=v. ’ BJO AT ERL

v=(v:a)at+(v:-b)b+(v:c)c

Ex. 7
Find the projection of the vector v=-2j+2k onto u=i+j+4k. [99F LLIHEEEIII 1 (a)]

u,u . i+j+4k i+j+4k 24+8)(i+j+4k) i+j+4k
[V —)— =[(-2j+2K)- —= 12 ] 12 : _( Ji+j+4k) _i+]
[ul"fu] VP44 VP41 44 18 3

Ex. 8
Find a plane which passes through the point P(xo, )0, zo) and is normal to the vector
N=ai+bj+ck.

N
(AR B X (x, v, 2) » HIPX LN = N-PX =0 1\
(ai+Dbj+cK) - [(x—=xo0)i+ (¥ —10)j T (z—z0)k] =0 | X

a(x—xo0) +b(y—yo) +c(z —z0) = 0 K FHHY FHHE

o

Ex. 9
Prove that the triangle scribed in a semicircle is a right triangle.

[f#]% OC = ¢,0A =a » HI ,\
BA-BO+0A=0C+0A-c+a BC
AC = AG+0C =—a+c v

BA-AC=(c+a)-(-a+c)=c’—a*=0= ABBHLACHAEH

GEE



[Exercises] 1. A A EEA=2i+2j+3k * B=4i+4j+6k » 55:1E(1)A-B > (2) A xB. [1045[EKX

B B ]

2.1fA=3i-j—-2k > B=i+2j—3k > Find(1)A - B  (2)the angle between A and B >
(3)the projection of A on B. [103ZER} K EF4(a)(c)(d)]

3. Find the equation of the plane containing the point (2, -3, 4) and orthogonal to the
Vector A =8i—6j+4k. [103ERIRE#4(2)]

4. FHOR VA +y +z=— 1By +y =2/ AHVERTL © [1055 56— L H5(a)]

5. Find a unit vector perpendicular to the plane 4x+2y+4z=-7. [1055 K+ R3]

[Answers] 1. (1)34 (2)0 2. (1)=5 (2)cos '(=5/14) (3)—%(i+2j—3k)

3.4x-3y+2z=25 4.,6/3 5. +Qi+j+2k)/3

[E] & 6



ML AME(C AR A EFR)
JEF ¢ S a Bl b 1UIME R
v=axb

v IR/ NFyv = absin® - HH10 5y a B2 b 4B HH AR YA - HO<O<n 5 v VTR ARG T2
FH a 522 b BHEHERTEAY TR » HaxbEHfEla b EE -

Vixi=jxj=kxk=0,
ixj=k, jxk=i, kxi=j,
jxi=-k, kxj=-i, ixk=—j
DISYEHIR  Fra=aii+aj+ask, b=bii+boj+bsk, v=vii+nj+vik

J.axb= (a2b3 —a3b2)i + (a3b1 —a1b3)j + (mbz —azbl)k

i
i j Kk
axb=la, a, a,
b b, b
b
ME 1.axb=-bxa f /
2.(axb)xeczax(bxc) 0
3. Faxb=0" Hl(1)a=08b=0 - a
(2)a Bl 1T e
4. |axb|=absin® FlE7~ a Bl b Rkl BT TIUE A HE
Derive the law of sines using vectors.
[f#]lc=b—a=>cxc=cx(b—a)=>0=cxb—cxa=cxb=cxa a b
chsino = casin(n - p) = —¢ _’, [ a _ b _ ¢
sina  sinf3 sina sinf} siny c

i 7



CUHIZE[T R =BEA(L, 1, 1), B(2, 3, 4), C(3, 0, -1) » &3K(1) A& AB#1 BC Z#M#(Cross
Product) ; (2)ABCHER Z = A HEE © [103ERIAIRZS]

[f#]AB=i+2j+3k »BC=i-3j-5k

i j Kk
(DABxBC=[1 2 3|=-i+8j-5k
1 -3 -5

(2)A ABC =%|E3xl?c | :%\/(_1)2 1824 (=5)? :@

ZERIE ZHEAQ, 5, 7), B(1, 3, 4), C(4, 5, 5) » (1) BAAT R A 2R & 0k = B 2 i 125t - (2)
SRt =R = AR - (10455 A T P94]

[#Z]AB = —i — 2j - 3k, AC = 2i — 2k

i j Kk
(DABxAC=|-1 -2 -3|=4i-8j+4k = PHEHASEMEAn=i-2j+k
2 0 -2

S P EAE—R R X (x, y, 2) 0

nlAX=0=n-AX=0

(i-2j+Kk)- [(x=2)i+(y—-9)j+(z-T)k]=0

EHAER A -2)-2(y-5)+(z-7)=0=>x-2y+z+1=0
Q) EE It =B = AP EE A

%|§3xA_(f|:%\/42+(—8)2+42 =26

i 8



Find the distance of two lineslex_2 :y—5 :z—S’L2:x+4:y+2: Z+4,

1 6 2 -1 3 4

[ (D)Li Y5 [ [ 8 Byvy =i+ 6§ + 2k » LAY 5 Al (A & Fsva =—i+3j + 4k

Ly FE—%85P(m+2, 6m+5,2m+5) > Ly, FAVEHMTE—8E Q(-n—4, 3n-2, 4n—4)

WQ vi=0=>[(-n—-m—-6)i+Bn—-6m—-T7)j+(4n-2m-9)k] - (i+6j+2k)=0
(—n—-m—-6)+6(3n—-6m—-7)+2(4n-2m-9)=0=>25n—-41m=66--+--- @

WQ 'V =0=[(-n—-m—-6)i+Bn—-6m—-T7)j+(4n—-2m—-9)k]* (—i+3j+4k)=0
—(—n-m—-6)+3@Bn—-6m-7)+4(4n-2m—-9)=0=26n—-25m=>51------ @

DOx26-@x25: —44lm=441=>m=-1> (LA OE n=1

m, n f{[E[15 P(1, -1, 3), Q(=5, 1, 0)

ERMRIIBEEER PQ = (<6)" +2° +(-3)" =7

QLT [FI[A & Fy vi=i+6j+2k » LAY [ [A] & Fy vo=—i+3j+4k
A(2,5,5), B(-4, -2, -4) 77 RIfEESR L, L, |
[E]HFE vy, v, ZE ELHY A& Ry

i jk
v, xv,=| 1 6 2|=18i-6j+9k =3(6i-2j+3Kk)
-1 3 4
L, L, B 2| AB- V2| | (6 - 7j-9k). 20+ )
|V]><V2 3\/62+(—2)2+32
_|-36+14-27]
7

In the three-dimensional Cartesian coordinates, find the shortest distance of the intersection of
x+2y+3z=6 and 3x+2y+z=6 to the origin (0, 0, 0). Also, what are the coordinates of the point that
has this shortest distance? [98 A2 AAM# | 5]

[ 155 WA~ TET A SR Y 7 [ (B B Ry v = i + b + ck > Rll v [EHS 5 B P [ A R &
{v-(i+2j+3k):0:a+2b+3c:0 3 1] ]1 2
v-Bi+2j+k)=0=3a+2b+c=0 2 1} |1 31(3 2
EEHR—BERER R E (L) RAEESNSEA =1+, y="2t+1z=1+1
B4R B [ RE Y PR S
JE+1)? + (=20 +1)% + (1 +1)> =612 +3
=0 - PEEEE A3 HTERIEE R (L L )

=a:b:c= : : =1:(-2):1

i 9



[Exercises] 1. Find the area of triangle with vertices (1, 0, 2), (3, 2, 1), (2, 1, 3).
(99 LLIHEEEIIT 1 (b)]
2. 3R =BEP (1, -1, 2), P(3, 0, 0), P3(4, 2, 1).Z Fifi HFE= -
(10555 —ERZH5(b)]
3. [AIEA=i+]+ kB[ EB =j - kAT 2 SE YA EEBL A EC =i - 2K1IHE A £
fa ?

4. Find the equation of the line containing (1, 4, 3) which is perpendicular to both of the

lines x_—1:y+3: z—2 and x+2 _ y—4 :z+1.
2 4 3 2 -2
5. Find parametric equations for the intersection of the planes 2x—y+z=-2 and x+y+z

=0.

4—z

6. Write the equation of the plane containing the lines x = y = and 2x=2-y=z.

4 4
[Answers]l.342/2  2.5x—4y+3z=15 3.cos" ﬁgz_c()s—l N

4, —=——=z-3 S.x=2t,y=1+t,z=-1-3t 6.2x+2y+z=4

e & 10



IV. Z &R
. #iE=FEM(axb) ¢

e — TN - 3ILLOA =a OB =b ~ OC = ¢ B4 » WIEFTT - K Ka x biy
{8 Byalib B AR A A TIE R > Mia x bEHElaBbEE » HIEEE D FFErrs
¥ Neffa x b HEINTIEE B . ax"| s BlEth F RS TIUE A EERE o Bla - bR e il

laxb

& E TSP ERE - 5% P NmEEAE > NI o T N E SRS Ry

a

|a

BEx = laxblle A7 = e-(axb)|

FH PR AT 3 HA K DA ST R Al B = R R A

i j Kk ¢ C G
c-(axb)=(axb)-c=|a, a, a|-(ci+c,j+c;k)=|a, a, a,
b b, b, b b, b

FT A =CERAE AR
c] CZ c3 al a2 a3

a a, ay|=|b b, by|=(bxc)-a=a-(bxc)

b, b, b, ¢ G G

Bt

(axb)-c=c-(axb)=(bxc)-a=a-(bxc)=(cxa)-b=b-(cxa)

AL - fE4liE =R > BR XAYrE R LA - &EFELl(a b o KRB =85

a, a, a,
(abe)=|b, b, b,
¢ ¢ G

e 11



One corner of a rectangular parallelepiped is at (-1, 2, 2) and three incident sides extend from this
point to (0, 1, 1), (-4, 6, 8), and (-3, =2, 4). Please find the volume of this parallelepiped .[98 EZET A
Hid 3]

[f]ae A(-1, 2, 2), B(0,1,1), C(—4, 6,8), D(=3, - 2, 4)
AB=i-j—k, AC = -3i +4j+ 6k, AD = —2i — 4j + 2k

AT BE BT By

1 -1 -1

3 4 6||=|8-12+12-8+24—-6|=18
2 -4 2

2. [mE=EfFE(axb)xc

K Bya x bEia ~ bFTFEAVEHEITER * [fi(axb)x cFEHax b » HI(a x b) x 7% {Ealiby F
[A] > A%

(axb)xec=ma+nb
N(axb)xcBleFEH - FTLL
[(axb)xc]-c=ma-c+nb-c=0=ma-c+nb-c
“n=ha-c> m=-Ab-c HI
(axb)xec=A[(a-c)b—(b- c)a] (1.1)

FdR15A o 2w B LA THE N A& 0 vEla®E B H % FallbAy Fii R [AE > iw=u
xv > Hl

w

a=au, b=bu+tbyv, c=ciutc,vtcw Y

AL rd
Va
[aiu x (biu+bav)] x (ciu+cv+esw)=A{[aiu " (ciu+cv+cw)](biu+byv)—[(biu+byv) -

(ciutcav+cesw)](aim)}

e & 12



aib,w x (ciu+cav+cesw)=Alaici(bia+byv) — (bici + bacz)(aim)]

aibc\v—aibrcou= X(mbzc]v - a1b202u)

Sz
(axb)xc=(a-c)b—(b-c)a
[z
ax(bxc)=(a-c)b—(a-b)c

[¥] (axb)xc#ax(bxc)

[Exercises] 1. Vector A=8i—6j+4k, B=i+j, C=i—j, find A - (B x C). [103ZER} K EH4(1)]

23K Pa=2i—j—k  b=j+7k > c=i+2k = HEBAT O T/NHEIBEIVERTE - [104
Bt
[Answers] 1. -8 2.2

E& 13



A —

B [ EiiT
L. A=AV
T2 BT RIREE

V()= lim v(t+At)—v(t)
At—0 At

AUE 2 e Ev() T80T - MRV (O Rv(ORVEE > DIRAAERGR T ERR - HEv' ()
A HEHE T BTN

V(@) =vi(D)i+Va()j+V3(H)k

ool
=
=
il

(utv) =u"+v
(uv)=u-vtu-v
(uxv)=u'xv+uxyv
Ex. 1
Let v(7) be a vector function, whose length is constant. Then v - v=1* = (v - v)' =0, we get

2v - v' =0. This yields the important result: the derivative of a vector function v(¢) of constant length

is either the zero vector or is perpendicular to v(z).

B 14



I1. Z=fE] R SR 2% 0
1. 9l
tEFRAE LG —HRCA RN — AR BB
r()=x(@)i+y()j+z(H)k
v =r')=x'(0)i+y'®)j+zZ(Hk

EsFoNnE HARAYGIER > J

S drds e v d s
VO == = s Var

fhs N — R UISR B [ 8 DT Ry

T Wy dzy _dr v
ds ds ds ds v

ds ds
V=T—=—
it di
LIRSy
s:jds:j|v|dt:va-vdt (2.1)
Ex. 2
Find the tangent to the ellipse %xz )P =1at P(2 ,%). (1008 A i AL L 7]
2

[ﬁ%’:]r(t):2costi+sintj ) EEI2cost:\/§, Sil’ll‘:i:}l)£¥j‘}£ﬁ:t:£ P
=
R 9

L . A o A2 1
r'(f)=-2sinti+costj=>r'(n/d) =—2i+ ——j= sz p Ve
RITTTY IR
1 1
PRy ———==—=(x—2) = x+2y =242
Y > ) y

[E & 15



Ex. 3

A curve is defined as r(f) =[a cost, a sint, ct], Please find r(s), where s is the arc length.

[96% R - AR4(a)]

[f#]v(f)=—asinti+acostj+ck
2, 2
vev=a +tc

t
s:J.O\/a2 +czdt:t\/a2 +ct =t =

2 2
a +c

S . . N . S
r(s) =acos———i+asin jtc k

2 2 [ 2 2 2 2
a +c¢ a +c a +c

Ex. 4

Find the length of the space curve: y=sin2nx, z=cos2nx, from (0, 0, 1) to (1, 0, 1).

[f#]r=xi+sin2mx j+cos2nx k = dr/dx=i+2mcos2nx j — 2nsin2mx k

s=IN12 +(2mcos2mx)? + (2msin 2mx) > dx = j(: V14472 dx =1+ 41

Ex. 5
Find the length of the curve: r=a(1 -cos0), 0<0<2xn, a>0.

dar dr

[f#Er=re.,=>—=—e, + rcjiee’ =asinb e, +rey=asinb e, +a(l —cosO) ey

do do
5 = jozn\/(asm 0)> +[a(l—cos0)]*dd = jjn\/2a2 —2a’cosbdd = aj

27
=8a

0

LS 0
:ajo 2s1n§d6:4a(—cos§)

[m] & 16

2
0

" J2(1=cos0)do



2. Frenet/N =0

AR ﬁZm%T_j—’ﬁ%
A)
ﬂ:KN, k>0 (2.2)
ds
H TR ‘ SUTTEL RIS 5 - AR =

%PI%EIHZ%#{% - HERB -(ERUMEFFHETANER - HAENEGEMAER

B=TxN

i
@:i(T N)—£><N+T><ﬁ_KNxN+Txﬁ_T><ﬁ
ds ds ds ds ds ds

IP% @EBE EEIE?@%E%D — TE@T@E o B ez
—==N (2.3)

Horpoff Ry &R AR > X

ﬁ:i(B T)_@XT+BX£:—‘ENXT+BXKN:—KT+‘CB (2.4)

ds ds ds ds

(2.2) ~ (2.3) F2(2.4)51 FsFrenet A Z ©
AEAL B RS RrIRE - Rk Sk o Rir sy

_dr_drds _ p

Cdt ds dt

r :vT+v£:vT+v£§:1}T+v(KN)v:VT+Kv2N
dt ds dt

¥ = i}T+vﬂ+i(Kv2)N+ o BN BT N +i(1<v2)N+ kv’ (—xT +1B)
dt dt dt dt
=V —kV)T + [+ %(sz)]N +1xv' 1B

|FXT| (rrr)

(Fxi) F=k"V1=1=

IxiF=k’'B=Kk="—- Y
¥ | [T

(2.5)

e 17



Ex. 6
A curve is defined as r() =[a cost, a sint, ct], Please find u(s), where s is the arc length and u(s) 1s
the unit tangent vector; k(s), where «k(s) is the curvature of the curve; p(s), where p(s) is the unit

principle normal vector; b(s), where b(s) is the unit binormal vector; t(s), where t(s) is the torsion

of the curve. [96EF g 1 R4(b)(c)(d)(e)(D]

fiZlv=r=—asinti+acostj+ck=vua=v=+a*+c*,v=0
[ i

t t S
s:jovdt:jOVaz +cldt=tNa’ +c* > t=———o

2 2
a +c

Yo —asint ,  acost . c

i+ j+ k
v \/a2+02 \/az+c2 \/az+c2

1 s s
Va® +c’ Na’+c’ Na' +c’
a=F=-acosti—asintj=vu+xv’p=x(a’+c’)p= T =asinfi —acostj
i j k

ixi=|—asint acost c|=«xv’b= acsinfi—accostj+a’k=1xv’b

(—asin i+acos j+ck)

—acost —asint 0

KV’ :\/(acsint)2 +(—accost) +(a2)? =Na’c* +a* =aa* +¢ =k =

a’+c?
. . o a
R Aa:—acosti—asintj=———-(a’ +c*)p
a +c
. S N . . .
P =—cosfi—sm{ =-—cos 1—sm ]
Va* + ¢ NP
_(FFY)  d’c ¢
lixi|” a’(a’+c*) a +c’
i j k
1 ) 1 o .
b=uxp=———|—asint acost c¢|=———(csinti—ccostj+ak)
a’+c’ . a’+c?
—cost —sint 0

1 . . .
:—(csmél—ccos;tﬁak)

Ja® +¢? a’+c? Na® +¢?

)5 18



Ex. 7

'l _dy

Show that for a curve y=y(x) in the x-y plane, k(x)=————(y' =
y=y(x) Y P (x) 1ty " 0=

)

[f#]r=xi+y]

v=ity j=vT, = v=41+y"

a=)"j=v T+xV’'N

vxa:(i+ty'j)xy"j=vTx (v T+x'N) = y'k=kv' B
|yrr|_ |yrr|

3
V' =xV =>k="r=—T""———
V3 (1+y!2)3/2

[Exercise] . FE BEAYAT 7435 Byu = 2costi + 2sinsj +2.237tk(m) » BRI AIFD « 30k (1) t=n/6F0 2>
R 5 (2)FFFE0ZE 10FVE BEEFIHYHR AR R < [1038) 25 143]

[Answer] 1. (1) —=/3i—j m/s” (2)30 m

[E) & 19



1. 16 /% (Gradient)
EFR C —WENE S (x, y, 2) IR B—{E [ SR E - ER A

gradf:Vf:afi+afj+afk
ox Oy Oz

a a a N g Nz A . . EOSITS ST e
N=e\v/ :8_i +8_ j+ 8_k Ry 57 38 & T (differential operator) > 58 filtdel > T f 15E B4R )43
x Oy z

75 a1 8 5 15 B4 (directional derivative) £y

\

4 _ofdx ofdy ofdz

= :Vf-£:Vf-T
ds Oxds Oyds 0zds ds

ST IR PR« BAYS - T =| VY| cosd » oy sumissters - 5L~ vy

S

cosd » BRILV/ETIT (695 B2 £ RS 5 (I 77 [ 2y » ﬁﬁﬂvf%%%kﬁﬂ@ﬁﬁ : %
WA | VF | -

1 f(x, v, 2) = ST - SR T —EsC  f —EEEE %D%:o :
BRI

T v _oovr T vt
ds ds ds

Hepr(s) o & iR CHLEME - WRV, E2lArAE - HCZim BE—FRihdR - Nt
Vf FEEZ A -

)& 20



Ex. 8
Please find the unit normal vector of surface xz°—2xy —6x =8 at point P(1, —1, 2), and please find
the tangent plane at that point. [ 10052 5% T /REL/KEF3]

(#7151 (x, y, 2)=x2" = 2xy—6x > JIl /=8 FyiZ AHH
Vi=(Z-2y-6)i—2xj+2xzk= Vf|1.1.2=—2j +4k
TPE@E%% FEH T Y BT [ B

—2j+dk 1 2 k
| fl(, . «/ (-2)? Ve
HEPEEAY Y By

(=2j +4K) - [(x= Di+(+ 1D)j+(z=-2)k]=0=> (y+ 1) +2(z=2)=0=y—22+5=0

Ex. 9
FERES0(x, v, 2)= 1 X =y —xyz ~ [ABw=itj+k ~ BPo(1, -1, —1) * K1)V (BleHIRERE
(gradient) : ()Dyo(Po) (o TEPo w1+ + KITFIH 16 8E) - (10455 & T7)

[V @ = (—2x —yz)i + (-2 —x2)j —xyk

2)Vo|a,-1,-n=-3i+3j+k
. e i+j+k 1
Dyo(P)=Vola, 1, 1) = (3i+3j+k) I
Wl JEiiE 42 B
Ex. 10

Let f(x, y)=¢e"sin(x+y) > (1)In what direction, starting at (0, n/2), is / changing the fastest ? (2)In
what direction, starting at (0, t/2), is f changing at 50% of its maximum rate ? [995 [[[f%ZE2]

[#E1(1) fHEQ0, m/2)E B TRV T3 10

0
Vf|(0 n/2) f f ‘])
ax ay (0,7/2)

=e”{[ysin(x + y) +cos(x + y)]i + [xsin(x + y) + cos(x + y)]j}) ‘(O o gi

(2) fLE(O, m/2)E{ LN Rl 715 » £ 1E(0, m/2)88 (b B A S0% Bl 60°2120° »
TR By (i + 3))50 £ (< + /3))

)& 21



[Exercise] 1.

ERIf(x, y, 2)=2x—y"+2°» (DRVS 3 Q)R EALRE(4, —4, 2t L7 [ A BT
A& 5 (3)3K1E _Faltu 7[5 2 directional derivative D, f(4, —4, 2) ° [10415 FE A&
6]

. Please find (1)the tangent plane to the surface z=x"+)" at the point (2, =2, 8). (2)the

line normal to the surface z=x>+)" at the point (2, —2, 8). [104EFR} KHEK3]

. CHISTE Ny, v, 2)=2xz+ 77 5 ERAIIRAFER, 0, 13477121+ 3j — k2 &1k

oo [9TRRLART12]

CESRAEEE(L, 1, DERRRIAD +)7 +2° = 3MHEE B B A& - WK T A bR > b

SEETHRER o [97TARTART 1]

. Experiments show that in a temperature field 7=x" —3x)°, heat flows in the direction of

maximum decrease of temperature 7. Find this direction in general and at a given point

P(4/8,+/2). [98F LLIf&EE

. Find the directional derivative of f=x*+)” at the point P(1, 1) in the direction of the

vector a=2i—6j. [104H [FCHEEERL &)

. Find the directional derivative of F(x, y, z) =x)* —4x’y+z" at (1, —1, 2) in the direction

of 6i+2j+3k. [104 JF &t FH 6]

[Answer]1. (1)(2i—2yj +22K) (2)(=2i+2j—Kk)/3 (3)8/3

2. (dx—dy—z=8 )X~ 2_Y*2_
4

3RS v=2i+3j-k=>—=

z—8
-4 -1
v 2i+3j-k  2i+3j-k

vl 2243k V14
Vo=2zi+e 2’ j+(2x+2e’2)k
OAEER (1, 0, 1) )5 U7 1A 2i + 3j - K HYEB L% Ky

v . . 2i+3j-k 3
Vd-—) =[2i+j+(2+2)k]- =
[V o V14 V14

A[fE1S d=x"+y +2° = Vo =2xi+2yj+2zk

FEELP(L 1, 1) B D = E AV ERAT 2 B
Vo 2i+2j+2k i+j+k
PN ) [ — _
Vol V22 +27 422 3
AL P AU RS Ry X(x, v, z) > HI]
n-ﬁ(:O:i”gk TG=Di+(y=1j+(z=1k]=0
R AL P YU T2 R
x-D+(y-D+(z-1)=0=>x+y+z=3

o] & 22



S.[FELTIR Ry

T. oT
vT :a_i+a_j =(3x* =3y%)i-6x)j
ox Oy

1E3E P(V8, V2T [ Ay
(3-8-3-2)i—6-+/8+/2j=18i-24j
6.-4/ 10 7.6

e & 23



IV. [@ =5 IVHE (Divergence)
EFR e vx, y, 2y E v F T a0 35 v=wi+wj+ vk 0 RIlv BVEUE B

v O

divv=y-v=(Li+ 2 1 Tk mitvjeuk) = M+
ox 0 0z ox 0Oy oz

H—EER FAx, Ay, and Az FIRTTHEG - AEFTR > v G TEIEIEE y FRHATE

Ryvax, y+ Ay, 2)AxAz » /2 FIEINEDEEy JTRR Y E By —va(x, v, 2)AxAz » i3 y J7[RFAR
VR Ry

[Vz(x, y+ Ay’ Z) - V2(xa Vs Z)]AXAZ V4
HHESE v, BV E By A Z

, y

ov, A X

-4y AY

oy X

It > ££ y 5 RSP SR A E R

P2 AvapAz
dy

[EH > 1F x Nz FESRENE T B
Y peapnz B 25 Avapaz
Oox Oz

S EEERARINR - FRUEEIRAXAYAZ > 155

ov,  Ov, O
ox Oy Oz

V-v

FERALAGRRF ALY R -

B 5 24



Ex. 11

Write down the definition of divergence (div). Find the div of the given vector function v=(z—y)i+

(x—2)j + (—0)k. [104EFEAHERZ5(1)]

[FE v =vii+tvj+vk > Hldivv=V" v:%+%+%
ox 0Oy oz

v =z—y, va=x—z, i=y—x > HEV - v=0

Ex. 12

Find V - r, given r=xi+yj +zk.

[fEr=ri+nrj+rk > Hldivr=V- r:%-q-aiq—%
ox 0y 0Oz
fMr=x,rn=y,n=z> NV -r=1+1+1=3

[Exercise]l. If A =3xz"i—yzj + (x +22)k, find V - A. [98 A IEEE2(2)]
2. —3-DIaj & BF =—2xi—ze'j + (2z— 1)k > 5{>KF Zdivergence V - F °
[97ERFEE3(1)]
3. BAIAES BF=xz -2y +xy'zk » SKFEEP(, -1, DEATEUEV - F -
[102%h 7515 (1)]

[Answer]l. 322 —z+2 2.0 3.-3
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V. [A &35 e (Curl)

EFE 3 v(x, y, 2)=viitnj +unk E—E A = Al v BYTEE ak v B TEE

i j k
curlv:va:(ii+ij+ik)x(vli+vzj+vsk): i i i
0 0z Oox 0y Oz
vV, W
:(%_%)“_(%_%)“_(%_%)k
oy 0Oz oz Ox ox Oy

Ex. 13

Write down the definition of curl. Find the curl of the given vector function v=(z—y)i+(x—z)j+

(y—x)k. [104[=FEREIKZ5(2)]

[fE]EV(x, y, z) =vii+mj + w3k > Al

i i k i i k
curlv:va:i i i = i i i =2(i+j+k)
Oox 0y Oz ox oy oz

v vV, ) z—=y X—zZ y—Xx

Ex. 14
Suppose a body rotates with a constant angular velocity @ about an axis. If r is the position vector

of'a point P on the body measured from the origin, then the linear velocity vector v of rotation is

v=wmxr. See Figure. If r=xi+yj +zk and ®= oii+ mj + sk, show that m:% curl v. [98H ELATHEH

[ ]v = (i + j T K) x (xi+yj +zK) = (z — 3p)i + (03X — 012)j + (01 — ;x)K
i j k

o o 0

ox oy 0z

0,2 —0;) OX—OZ ©)—®,X

DRI > B RS R 5 v B e R 260 ©

g

Vxv= =2(mii+ mj + k) =2m <

o] & 26



[Exercise]l. If A =3xz"i—yzj + (x + 22)k, find V x A. [98FFZ A EE2(1)]
2. —3-DEEIGAF =—2xi—ze'j+ (2z— Dk » #KFZ curl VxF ° [97GFRPEE3(2)]
3. BAIAES BF =x"zi -2y’ j +xy'zk » SKFIEEEP(1, -1, DEATHEREV x F -
[1028) 75 tK5(2)]

[Answer]1. yi+ (6xz—1)j 2.¢'i—-ze'k 3. -6i
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B=F [HEMRT
I. 48557 (Line Integral)
1. EF
—{[él[) B B R () AE 4R C_ERYSRTE T By

jCF(r)-dr

DIy EFRF=Fi+Fj+FKk * r=xi+yj+zk= dr=dxi+dyj+dzk > {I]

jCF(r) -dr = jc (Fi+F,j+ FK)- (dxi+ dyj + dzk) = jCF,dx + Fydy + Fydz

Fx o~y Bz By t IRKEL - dr:(@n@p%k)dr > Jl]
dt dt” dt

. . dx., dy., dz dx dy dz
F(r)-dr=| (Fi+Fj+FKk) - (—i+—j+—Kk)dt=| (F,—+F,—+ F,—)dt
IC (x) IC( R k) C i 1 ) IC( TRREITRRE

Ex. 1
5 155 F =2yi—xj HIEICHYELC Ry (1, 3) » B K2 » sTRUIG FHEE—i S BICIEAL A &E
— R P iy Th L F-dr ° [104# & EET8(b)]

[ B8 By x =1+ 2cost, y=3+2sint » At
r=xi+yj=(1+2cost)i+ (3 +2sint)j = dr=(-2sinti + 2costj)dt
F=2yi—xj=2(3 +2sint)i— (1 +2cos?)j
[ Far= joz“[2(3 4 2sin £)i — (1+ 2 cot)j] - (=2 sin £i + 2 cosj)dt

:J'Ozn(—12sint—8sin2 t—2cost—4cos’ t)dt
:jozn(—12sint—4sin2t—2cost—4)dt

.1—c0s2t

:jj“[-12smt—4 _2cost—4]dt

=[12cost — (2t —sin 21) — 2sin t —4¢])" =12

[ & 28



Ex. 2

A force field F in 3-space is given F(x, y, z) =xi+yj + (xz—y)k. Compute the work done by this
force in moving a particle from (0, 0, 0) to (1, 2, 4) along the line segment joining these two points.

[1033ERFARAET6]

maﬁ%m%maﬁﬁ@ﬁﬁf:%:?:%xﬂm=mg:m

F=xi+yj+(xz—y)k=f+2+ (-4t -20)k =i+ 2t + (4" - 20)k
r=xi+ yj+zKk = dr =dxi+dyj+dzk = dti + 2dtj+ 4dtk = (i + 2+ 4Kk)dt

ﬁar)jz—@jc F-dr= jc [A+ 26+ (427 = 20)k]- (i + 2 + 4k)dt = j;[t+4t +4(48> = 20)]dt

1
16, 3,

:j;(16t2—3t)dt: 3 _16 3.2

., 3 2 6

Ex. 3
(1)Use the path (C;) and (2)Use the path (C,) in Fig. to evaluate the integral J. ! #2dr , where * =x*+
O

V. [1028)25 8 +7]
N (1, 1)
[f2](1)(0, 0)F(0, 1) : x =0, dx = 0, 7> = y*, dr = dyj (0, 1)

3 1

(o=l van-%]

O,DFN1,D:y=1dy=0,r" =x" +1,dr = dxi

1
J 31

1
L T R . x3 ._4.
jAr dr_jo(x +1)dx1—(?+x)01—§1
rrzdr:rrzdr+rr2drle+ii
0 0 A 3% 3
(2)(0, 0)&(1,0): y=0,dy =0, 7" =x*, dr = dxi
3]
[Crdr =] xaxi=1- i=l
(6] 1] 3 0 3
LOELD:x=1,dx=0,r> =1+y°, dr = dyj
e = [ (14 vy = +y3 ]‘—4‘
[ rde=] a+y)dvi=(y ERRREY

[Crdr=["rdr+ | rar :%i+§j

)& 29



Ex. 4
Please evaluate the integral I xy3ds where C is the segment of the line y =2x in the x-y plane from
C

[f#]r = xi + yj = dr = dxi + dyj = dxi + 2dxj = ds =| dr |= /(dx)* + (2dx)’ = NEY

! | 1645
J.ny3ds = J.Cx(2x)3\/§dx :8\/§J._]x4dx = 8\/5% :T

-1

[Exercise]1. Cacualte the line integral of function v =y"xi+2x(y+ 1)j from the point A(1,1,0) to the
point B(2, 2,0), along the path (1) and (2) in Fig. What is the line integral f\‘;.d[_ for

the loop that goes from A to B along (1) and return to A along (2)? [98FFEKIEE10]
2. CHIEH R ESF (x, y) =<1, 2> - ?éﬁ%ﬁjc F-dr Z{8 » HAih&RClr() =
<2cost, sint> > 0<t<2m » [104/6Fiimi&o6]
3. FERBEZHNIF = yi+ 2 E AL G LUFERE BBl -F B 1L Z BN > B (1, 0)FE1£(0,
1) sEtEHFT D) - [975KR AT 13]
4. Find the work ( I F - dr ) done by the force F(x, y, z) =¢'i +xej + xye”k acting along
C
the smooth curve r=fi+ 7+ 'k, 0<r<1. [104F BELHHES]
5. Please find the work required to move a particle by force F(x’i — vzj +xcoszk) along the

path C(x=7, y=t, z=nt, 0<t<3) from point Q(9, 3, 37) to point P(0, 0, 0) by
calculate the integral —I F-dR = —I Fdx+ F,dy+F.dz .
C C

[104 Stk FH Z N BEROEHEEE £ 6; # P T DL EE 7]
6. Find the line integral I zdx + xdy + ydz , where 2C is the triangle with vertices (3, 0, 0),
C

(0, 0, 2), (0, 6, 0) traversed in the given order. [99'H [# E1%6]
7. Find the integral [ ((24’:’]()” 2x(y — 2°)dx + 3x2y*dy - 3x°zdz . [9S ELFE A IR 1]

[Solution]1.23/2 > 137/12 > 1/12 2.0 3.mw/4 4.13(e-1)/6 5.9n+6/m—-243 6.-18
7.1028
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2. tR5F5(Conservative Field)
— [ &35 F=Fii+ Fj+ Bk S AT 48 0l o (15

F=Vo= Fi+Fj+ k=203, 09;, 00y
ox Oy 0z

Bl F, = o F,= 2 F, = ? o Ry FHVALRE el B Bt il Ry (I BE - LRI E ST R IR<T
z

F-dr=V¢-dr= (_¢l+6_¢‘l+6_¢k) (dx1+dy]+dzk)— ¢ 8¢ ad)dz dé
y y

R C H A RLE] B BRSO

[ Foar=[ do=0(B)-0(A)

EEEERFE IR HI(E U2 R’ R C Wilimkh ¢ ([EHVAE - BARSICHERE - NI - fEORSF 155
o EPARMRAVERIE T ERE - X

Vx(VPp)=0=V xF=0

IRIFEANIE 25 HOB%S VxF=0 - [AEE FEEsrE o

)& 31



Ex. 5
Given a vector function F=xyi+ (3x— yz)j, and the coordinates of three points Pi(5, 6), P2(5, 3),

P3(3, 3), where i and j are unit vectors along x- and y- axes respectively. (1)Evaluate the integral
J. F - dr from P, straight to P;. (2)Evaluate the integral J. F-dr from P, to P; along the piecewise

straight path P,P,Ps, i.e., integrate from P, along straight line segment to P, and then along another
straight line from P, to Ps. (3)Is this F a conservative field? And why? [99
HREEH AT 4]

[f#]F =xyi+(3x—)")j= Fi=xy, Fa=3x—)", F3=0

(1P Ps T B 45 sy —6 = 2 ‘g (x—5)=3x—2y=3

Fex=2t+1,y=3t=dr=dxi+dyj=(2i+3j)dt
F=xyi+Gx—)")j=t+1) 36+ [32t+1) = (31))j = (6¢° + 30)i + (=9t* + 61 + 3)j
jc F-dr= jc [(6¢> +3)i + (—9¢> + 6t + 3)j] - (2i + 3j)dt = L] [2(6¢% +3f) + 3(=9¢> + 6t + 3)]dt

= (152 + 241 +.9)dt = (=5 + 126 +90) =10

(2)Cy: P PYERE  x =5, dx =0, dr=dyj
F=xyi+(3x—)")j=5yi+(15-)")j

3

. 2N s . 3 2 y3
Jo Fedr=] 15yi+(5-yNil-dyi=[(15-y)dy =(15p-"0) =18

6
Cy: P, PHVEREY y =3, dy=0, dr=dxi
F=xyi+(3x—)")j=3xi+(3x—9)j

3

. . . U3
jcz F-dr =jcz [3xi+(3x - 9)j]-di = [ Sxdv =) =24
5

J F-de=[ Fedre| Fodr=18+(-24)=-6
QYFRERSTE R B AR -

o] & 32



Ex. 6
Show that the differential form under the integral sign of / = J. 3 (3 22dx +6 xzdz) 1s exact, so that
(-1,5)

we have independence of path in any domain, and find the value of the integral / from A(-1, 5) to

B(4, 3). [97 Lt T L EE H4]

({15 F, =32°, F, = 6xz = oF _ 6z, OF, _ 6z
Oz ox
oF = oF = 3z%dx + 6xzdz B 1TES
Oz ox
N . 0 0
200 DHE L= F. Lo F
ox Oz

o= Fdr+ f(2)=[32dx+ f(2) =322 + £ (2)
b= [ Fydz+g(x) = [ 6xzdz + g(x) =332 + g(x)
L= > 15 0(x, 2) = 3x2°

1=["7) 32 dx + 6xzdz) = §(x, 2)

(4,3)

2 2
=343 -3.(-1)-5" =183

[m) & 33



[Exercise]l. E‘%Dézﬁﬁﬁjhydx +x°dy FEESE 1 y=3x—-2, 1 <x <2 (D)FEAMME T &G
ER?WEE% ? QKA © [104/5 B RPN T]
i 15 F =2yi —xj HIBICHYEI L Fy(1, 3) » P82 » HIETFE & RIS 155  [10455
é?-éﬂ(a)]
3. Is the integration J. (3x* +3y —1Ddx +(z° +3x)dy + (2yz + 1)dz independent of the path?

[98FFZACRIEER]

LIBRIEF = 20 +2°j = F, = 20, F, =27, Fy =0 BIRZERIRST 7 [ F - dr
i j Kk i i k
0 o0 0| |6 0 0O
ox 6y oz ox 6y oz
K F F| |2y x* 0

(DV xF = = 2xk — 2xk = 0 = JHL4RFE 5 BARR A RE

(TSR - @%w:F:»gd’ ai’.w?k Fi+ Fj+Fk

@:F] :>¢:I F]dx:J. 2xydx =x"y+ f(1,2)
ox x *

@:Fz :>x2+ﬂ:x2:>ﬂ=0=>f:g(z)
oy oy dy

B _p % o gi=C
oz dz

Ho=x"y+C  GFEITE AL DFEIBQ2, 4)
é%i%fﬁJ.F-dr:J.Adq):q)(A)—q)(B):lz 1-2%4=1-16=-15

2. [RIF = 2yi—xj= F, =2y, F, = —x, F, =0
i k i j k
5 ol e & o
— —|=— — —|=-k-2k#0=F E'/\'?_r %
oy oz| |ox oy oz PRART I
F, F| |2y -x 0

VxF=

R -

3.[fRIF =(Bx? +3y—Di+(z2° +3x)j+ Ryz+Dk) = F, =3x +3y -1, F, =z +3x, F, =2yz +1

i j Kk i J k

o 0 0 0 0 0 -
VXF: - R | = e —_— —_— :0:> \/ E_@Q/«(ﬁ%

222 a < 2 51 L A

FF, F| |3x*+3y-1 z>+3x 2yz+1
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II. [HIf&E 57 (Surface Integral)
JEFR  FREMEHIE S WY E R EET
”S F-ds or ”S F-nds,

b BT E ds R [ -
FHIEI ds | cosy | = dxdy » v By ds B A B 2 B HE A - X

dxdy
In-k|

n-k=cosy=ds=

dxd
.”’sF.ndS:.”’sF.n|nx.]f|

[EE > %5 o K B o7l ds YA BB x K y BlEYAEA > H]

J.J.sF'ndS :J.J.SF'H |612/.d.2

dzd.
el

[m-j|
H DL E&FRF = Fii+ Faj + F5k, n=cosai+ cospj +cosyk > A
IISF-nds :IIS(Ei+F2j+F3k)-(cosoci+cos[3j+cosyk)ds

= jjS(F, coso.+ F, cos P + F, cosy) ds = jjS(F]dydz + F,dzdx + F,dxdy)

SEERRF AR AT DA R EY A8 o 8 70 A STE AT = (B AV T R A 7

EHE S A2 r(u, v) FToREF ( ) (u+Au, v+AV)
U, V+Av
ﬁzﬁdu,ﬁ:ﬁdv
ou ov (u+Au,v)
(u,v)
ds:ﬁx@:ﬂxﬂdudv
ou Ov
” F-ds:” F-ﬁxﬁdudv
s S Jdu Ov

& F=nlkf - AR Ryl A S B -
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Ex. 7

Given a vector field F=xi+yj +zk, and a surface defined by S: X +y'+2 =1, z>0. (1)Calculate
j j F -nds, where n is an outward normal unit vector. (2)If F=-V U, find U(x, y, z).
S

[1041=FER T AR3(3)(4)]

[FEIF=xi+yj+zk= Fi=x, F,=y, F;=z
(D f=x*+)y"+2° > SINERAER &

_ Vf _ 2xi+2yj+2zk _ 2xi+2yj+2zk 2x1+2y]+2zk_xi+yj+zk
VT J@n? +20) +(2) 2 xt 37+ 2 2-1
dxdy .. .. dxdy
F-nds = F-n = xi+ yj+zK) - (xi+ yj+ zk
.Us .Us |n.k| .Us( i ) ( N )|(xi+yj+zk)-k|

dxdy

:jjs (x> +y*+2°%) dydx

””m

< x=rcos0, y=rsind * HI

HSF-nds:4jo“/2j' ! |a(x’y)|dd6 4j’”2j

1
rdrd0
0 J1-2|0(r,0)| o J1- 72
a1 _21/2] Al a4 T
_4j0 —5 2= Ode_4j0 do =462 =4 S=2m
(2)F:—VU:>F]i+F2j+F3k:—(a—Ui+a—UJ Y
ox oy oz
oU X
F :_ESU:_J.xde:_J.Xde:_7+f(y’Z)
oU G 2
F=-Poy=-L o e[ yiy+g)=-2 450
y 0y 2
__ou _ dg _ _ z?
Fi=——— === g(z)——J.Zdz+C——7+C
x2 y2 ZZ
JU=-"—"- =—+C
N 2 2 2

o] 36



Ex. 8
Let F=zj+zk represent the flow of a liquid. Find the flux of F through the surface S given by that
portion of the plane 3x +2y+z=6 in the first octant oriented upward. [ 10452AH Ky FH - EEH 6]

[FE15f=3x+2y+z » SHEEAVAAE R
Vf 3i+2j+k  3i+2j+k

IV A e2er V14
dxdy . 3i+2j+k dxdy
F-ds=|| F- = K)- Y
.Us S .Us n|n.k| .Us (zj+2K) J14 |3l+2‘l+k-k|

Ji4

23-3x/2
= j 3zdxdy = j j (18— 9x — 6y)dydx
3- 3x/2
= [(a8y -9y -3y
= jo[(54 —27x)=(27x=27x>/2)— (27 = 27x+27x* / 4))dx

= [[@7x* 14-27x+ 27)dx = (9x° /427212427 =18

[Exercise]l. Calculate the surface integral of the vector function F =xi+yj over the portion of the
surface of the unit sphere S: x*+)° +z° =1 above the xy-plane, z> 0.
2. Find the surface integral of the vector function F=y"i +x3j +2°k over the portion of the
surface defined as S: x* +4y° =4, x>0, y>0, 0<z<h. [101 5 REEHLI]

1. [f#]Let f=x*+)"+2° > SINEAL AR E R

_Vf 2xi+2yj+22k ~ i+ itk
IVFT J@x) +(2y) +(Q22)
_  dxdy dxdy Vied Xt 4 y?
.UsF'ds_J'J.sF n|n.k| J'J. (o 4jj /1_(x2+y2)dydx

Let x=rcos0, y=rsind, we have

II. F-ds:4j'on/zj';\/lr_2_rdrd6 A

— 4" [ (1= cos* 9)sin o0

¥2sin (E)cosd)sin b dodo

/2
2 cos’ ¢ o2, 1 4n
=4[ (—cos¢+T] do =4 (1=)d0=="

0
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2. [fE]Let f=x>+4) » SHVEEALERE R

Ve 2xi+8yj 2xi+8yj xi+4y)
VAT J@x)? +(8y)*  2yx*+16y> x> +16y°
dydz 3¢ 3s 3 xi+4yj dydz
F-ds=|| F-n——=|| (Vi+x'j+zk)-
J.J.S J.J.S |n.l| J.J.S 'x +16y | x]+4y] .i|

\JX*+16y°

_J'J' xy’ |+4|1x yd = J'J'S Mdydzzﬂs (v’ +4x*y)dydz
X X

:j"j][ FA(d— 4y yldvdz = [ [ (-155° +16y)dydz
NG Y yldydz = [ | (=15y° +16y)dy

dz_j %dz—%h
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1. #5577 (Volume Integral)
TEFS ¢ N HHEGRR VIVESTE D
I1I, 7

ERRAE LS T dv=dxdydz » %5 f=1 > BIEEFEST B V HIRSTE

Ex. 9
Find the volume integral of f(x, y, z) =x+2yz over the box bounded by the coordinate planes, x=1,

y=2,andz=1+x.

[ﬁﬁ]jjﬂ j; " (x+2yz)dzdxdy = j 02 j (: (xz +yz° )I;X dxdy

:."02."(:[)((1+x)+y(1+X)Z]dXdy:J'Oz|:(%+x?)+y%:|ody
X
7 2_ 9
_J'( _y) y——y+6y _?

Ex. 10
Find the volume of the region of space above the xy plane and beneath the plane z=2+x+y,

bounded by the planes y=0, x=0, and the surface y=1—x".

(] j; j; jj“‘” dzdydx = j; j; 2+ x+ ) dydx

g R e e e

0 xy y=1-x*

5 4 2 !
j(——x -3x’ +x+—)dx— x__x__x3+x_+§x
2 10 4 2 2 ),
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IV. B E EH (ST EH) (Divergence Theorem, Gauss Theorem)

R EE ¢ 3%V R — oy B a i SFTE R IR PG, - FRIEa VEVREEEANEA #HE —
PES s LBy [ B e > U

ﬁSF-dszmvv-de.

DL (& ERARER A e 2
I PAE TS 77 ﬁs F - ds FHHS K SHmifa A B

ﬁSF-ds:J'J'SIF-ds+J' SzF-ds:jjS]F-n]ds+jjst-n2ds

i Ein 2 m 51 - R > SRV AR > R FHE 2 W I E iR AV E (i aE waE i fE E
SFER—EASHE - At - RS R IR -

NHTHEAEE#EAER SV - FRORBEMRERENE - Wit - v - F fiEED
j”v V -Fdv lIFEREEEBER LA E » BT W E S HEER
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Ex. 11
Evaluate the surface integral ﬁ (x —2)dydz + (2y — z)dzdx — (2x — y)dxdy on the surface of the
S

sphere S: x> +)*+2°=9. [102E2T K EE 4]

[F2](1)Let f=x"+)"+2" » SHIBEALEAE B

Vo 2xi+2yj+2zk _oxi+tyj+zk xi+yj+zk
IV J2x)? +Q2y) +(22)° X2+ +2° 3
[[ Fds=[[ F-n-22
S S |nk|
_ . S xi+yj+zk dxdy
=[] [c=2)i+ 2y -2)j - (2x - y)k] s ik
3
dxdy dxdy

= [J. x(x =)+ y@y =) - zQ2x - )= [[ (* +2y’ ~3w)

dxdy
| z]

[ Fds = [ 22 gy =s[ [ 22 gy

| z| JoO—(x*+y%)

=0

e 3z Sy xR = [[ - 3xz

% x=rcos0, y=rsin0, fl

” Fods jn/zjsr (1+s1n 0) [o(x, y)|d - jn/zjsr ‘(+sin°0) o

2 |a(r,0)] Jo—r?
%y =3sindp=>dr =3cosdpdd, V9 —r* =3cos

[ Foas=s]"[" (3sm¢) S (3cosgd)(1+sin> 0)d0 =8[" [ 27sin’ ¢do(1 +sin® 0)db

-3 jom [’ " 27sin? ¢(sin dd)(1 + sin’ 0)dO

n/2 pm/2 2 . 9
:8]0 jo —27(1 - cos’ ¢)d(cos d)(1 +sin’> 0)d0
/2

) (1+sin®0)do=8-18[ " (1+sin’ 0)d0

0

3
= SJO /2—27(c0s¢—m

23 —-c0s20 3 sin 20 m2

M)d@ = 144j 27CO5Y 10 =144(20 -
2 2

/2
:144J'0 a1+ =1087

)

0

(2Q)F=(x-2)i+(2y—-2)j - (2x-y)k=V -F=3 > HEEEHA]
ﬁSF-dszij v-m:jﬂv 3dv:3-(§n-33):108n
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[Exercises]1. Evaluate the surface integral ﬁ 4xdydz — zdxdy , over the sphere S: 4 y2 +72=4.
S

[101&ZRT K EE#%5)
2. Evaluate” (7xi— zK) - ds , with S: X +y2+22:4.
S

3. Evaluate ”S[xyi+xzj+(1—z—yz)k]-ds, with S:z=1-x>—*,z>0.

1.32x

2. [fE](D)n = (xi+yj +zK)/2

. xit+yj+zK dxdy Tx* -z
”S(7x1 zKk) 5 |n-k|_”.5 . dxdy

:J'J'S7xz—(4—x2—y2)dxdy:”~S 8x* +y° —4 dxdy

VA= (7 +y7) VA= +p7)
2 2 2
:SJ»n/ZJ'ZSF —7r° sin 6—4’/&”/&’e
00 N4-7’
w2 02 8r% —7r*sin’ 0 2 4
zgjo (jo — rdr—joﬁrdr)dG
72| 2 8(2sin )’ —7(2sin )* sin® O 2|
_gjo DO Zeost (2cosdhdd) +2v4 —r i do

_ 8j0“/2j0“/2(64sm3 ¢ — 56sin’ dsin’ 0) dddo —8]0“/28619
n/2 pw/2
=8[ " | [(64(1 ~ cos® ¢) — 56(1 — cos” ¢)sin” 6] (sin ¢) dO — 327

=8j0“/2(128/3—112/3sm2 0)d0—32m = 64~

Q)V - (Txi—zk)=7—-1=6
-2~ o~ 1=

EEXY



3. [f#](1) Let f=x"+y" +z
_ 2xi+2yj+k

- \/4x2 +4y* +1

”S F.nals:”.S F-nrflx.ag| :”S (2x*y + 2xyz +1—z — yz)dxdy

2xi+2yj+k dxdy

:”S[xyi+xzj+(l—z—yz)k]- "
NAXT+4y +1| 2xi+2yj+k
VaAx® +4y° +1

-k

= ”S (2x°y +2xyz + 1 -z — yz)dxdy

= ”S [2xy+2xp(1—x> =y ) +1-(1-x" = y*) = y(1— x> — y*)]dxdy

= ”S [Bx’y+2xp(1-x" =y )+ (x* + y*) =y + y’ |dxdy

= [ [ 137" cos* Osin 6+ 2r* sin O cosO(L~ 1) + 1 — rsin 0 + ' sin’ O)rdrd 0

:J'M(écos29sin9+lsin 9cos9+l—lsin9+lsin39)d9
05 6 4 3 5

2

= (—lcos3 - c0s20+10+1cos0—Loosh+cos’ 0)
5 24 4 3 5 15

(2)HSF-nds:”V v-de—jS F-nds:jJ.J.V (—l)dv—”.s F - (-K)dxdy

- JJ% j(:y dzdxdy + [[ (1=2 = y2)|_, dxdy

_ 27 el ) _ 2z 1 1 o
=—[ " |, a=r")rdrd0+x =~ (- do+m="

i 43



V. L e HT EH (Stokes Theorem)
SRRSO E R ¢ RS A A B a0 HIB R A BB RS B EEARhARC 0 FALE
& SHYF R FE A B A — S m B8 e = ok > Al

JJo (vF)-ds=§ F-dr /////////

FEICHVIEREFR F ¢ B IRAESHYIER IGECE - BPAGBUWAEIRIATT -

Ex. 12

Verify Stoke’s theorem, by calculating both sides of the equation, for the case v=xzj, and S is the
surface z=4—)” cut off by the planes x=0, z=0 and y =x. [103 &R} KH&fHk4]

~ ) Vf 2yj+k 2yj+k
()% f = z = = =
BRI /=07 4z =m =0 -

i j k
vav=| L O O itk

ox Oy Oz

0 xz O
(Vxv)-n=

z 1
W,n-k—ﬁ
[0 as= [ 0wy = [T 7 n A

- [ ity =[] 42ty < e}
4 2
= [ @y -3y =y =20 =4

0

Q)fEC, Fx=0~fC, Fz=0=>v=0
EC, Fz=4-y", y=x=v=xzj=y(4-1%)j
§C v-dr:jclv-dr+J'sz-dr+J'C3v-dr

=0+ 0+ [ y(4 - y?)j- (dvi +dyj + dzk)
2

= [, ya=ydy=y =20 =4

0
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Ex. 13
Evaluate j;C F -dr, where C is the circle x*+)* =4, z=-3, oriented counterclockwise as seen by a

person standing at the origin, and F=yi +xz3j —zy’k.

[##](1)%x=2co0s0, y=2sinf
F - dr=(2smn0i— 54cos0j + 24sin’0K) * (—2sinfi + 2co0s0j)do
= (—4sin°0 — 108c0s°0)d0
§ F-ar= j:“(—4sin2 0—108cos’ 0)dd=—112n

()RS By [EIFFHEX" +y° < AW Fifiz= 3PN - THVBRIELEC ; =k H

i i k

VxF = N =(-3y’z-3xz")i+(z’ -1k
ox oy Oz
I

VxF|_ =0y’ -27x)i-28k = (VxF)-n=-28
US (VXF)-dssz (VxF)-ndSZJ'J.S —28ds=-28(n-2*)=-112n

[Exercise] 1. Find the surface integral j j S (VxF)-ds, with F=yi+zj+xk and S: the paraboloid
z=1-(x"+)%), z>0.
2. F=(2x—y)i—yzj—y*Z’k, calculate I j E (VxF)-nds using Stoke’s theorem, where S is

the half upper surface of the sphere x*+)*+z°=1, (0<z<1). [98 ZEA T K 5]

). (=202 o op ok
\/4x2+4y2+1
(VxF)-n:M, n-k= 1
Vax® +4y* +1 \/4x2+4y2+1
B dxdy
US (VXF)-ds_”(vXF)-n|n_k|_jj(—zx—zy—l)dxdy

Hor—2x, - 2y B = [[ (-2x— 2y)dxdy = 0
I, (VxF)-ds = [[ (-Ddxdy =~(n-1) = -
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(2).”.5 (VXF)-dS:§C F'dl',WhereC:x2+y2 -1

% x=cos0, y=sin0

F - dr = (sin i + 0j + cos Ok) - (—sin 0i + cos 0j)d0 = —sin* OO

. 2n
§F-dr:j”—smzede:j”—ﬂde:_ﬁﬁmze -
c 0 0 2 2 4,
(2. ()% f = + 3" + 2 n= ot LZK oy
J2x)? +(2) +(22)°
i j k
o a8 0

VxF=| — — |=2y(-z" +2)i+k
o o o o )
2x—y —yzt —y’Z

(VxF)-n=2xp(-z" +z)+z, n-k=z

”S (VxF)-nds = [[(VxF)-n dxiﬂ = [[2y(=2" +2)+ 2]

|n
HeP 202" + 2) B ¥R T [[20/-2 + 2L 0
JI; 7 F)-nds = [[dvdy=n-1* ==

(2)EElStokesiEf§%[[”S (VxF)-ds = §C F-dr,whereC:x’ +y* =1

dxdy
z

% x=cos0,y=sin0

F -dr = (2cos0 —sin 0)i + 0j + OK) - (—sin 0i + cos 0j)d0 = (—sin 20 +sin > 0)d0
e . . 2 e . 1—cos26

§CF-dr_jo (—sin 20 + sin e)de_jo (~sin 20+ ——==)d0

cos20 0O sin20

2 2 4

2n

=( )

=T
0
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VI #&8 M EH (Green’s Theorem)

%S Foxy 1 L ERHUBEIPALG I - SHYE T Ry B IR REEE B PARIERC > 75F = Fii+ [
FE PR RIS A AR LA A oy Y (R B e B - JU

i j k
(VxF)n=(VxF)k=2 & 9| x_0h _0F
ox Oy oz ox Oy
F F 0
_ _([ OF _9HF
”S (VxF)-ds_”S (VxF)-kds_”S - —dedy
iii}
§c F-dr :§C Fdx+ F,dy
FH Stokes TEHEH]
jjs(vXF)-ds=§CF-dr
RIE

”S 661;2 —Z—idxdy = §C Fdx+ F,dy

i Fy RS PR E B (Green’s theorem) °
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Ex. 14
Evaluate § (x* = y*)dx +(x* + y*)dy , if C is the square with vertices (0, 0), (1, 0) , (1, 1) and
C

(0, 1). [995 K& Z6]
(IR = (" -+ (7 +))j = Fi=x"—)", F=x"+)’
()FEC: y=0, dy=0, F=x"i+x’j, dr=dxi
_ 2. 2. R _l
ICI F-alr—ICI (x7i+x J)'(dXI)_on dx = 3

TECy: x=1,dx=0, F=(1-))i+ (1 +)7)j, dr=dyj N
. e N 2 4 0, 1) LD
Jo Frdr = 10= i+ 1+ )il (@) = [ (14 )y = ’
fECs: y=1,dy=0, F=(x’— i+’ +1)j, dr=dxi o « 0)>x

. I 2
jq F-dr= jq [(® = Dii+ (" + D) (dri) = [ (" —)dx =3
TECy: x=0, dx=0, F=—"i+)%j, dr=dyj
N 1
Jo Frdr=[ ey )= yidy=—

LF-dr:LI F-dr+jczF-dr+IC3F-dr+L4F-dr:2
(2) §C F-dr :J‘L(%—%i)dxdy :I;I;(2x+2y)dxdy :J‘(:(x2 +2xy)‘1)dy

1 1
= [, a+20dv =+ =2
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Ex. 15
Evaluate f [(x2 — yz)dx +(2y —x)dy], C consists the boundary of the region in the first qradrant
C

that is bounded by the graphs of y=x" and y=x". [104F 5 {4f FF 7]

[EIF = (x* = y))i+Qy-x)j= F =x" -y’ F, =2y —x
(DFEC,:y=x",r=xi+yj=xi+x’j= dr = (i + 3x7j)dx
F=(x"-x)i+2x"—x)j
1 2 6\ 3 . . Qe
jc F-dr:jo[(x —x)i+2x° = x)j]- (i +3x7j)dx

(Y2 s 2/m .3 (' 6 5 a3, .2 _3_7
_jo[(x —x%)+3x2(2x —x)dx_jo( x4 6" =3 +at)dv =

FEC, :y=x’r=xi+yj=xi+x’j= dr=(i+2xj)dx
F=("—x"i+Q2x" —x)j

0 2 4\ 2 . . o
jc F-dr:L [(x* —xM)i+(2x" —x)j]- (i+2xj)dx

=16 =)+ 2002 e = [ (ot e =
jF-dr:J' F-dr+J' Fogro>l_7__11
¢ G < 84 15 420
(2)FH Green & HHA
— OF, 0K _ s
[ Foar= J'J.S(E—E)dxdy =[] 1+ 2p)dvdy = [ [ (=14 2y)dyex
I R N E e D S SR N | |
—jo( y+y )x3dX—jO( X +x+x"—x")dx = EO
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[Exercise]1. Evaluate the line integral j F-dr counterclockwise around the boundary C of the region
C

R, where F =xsinyi — ysinxj, R is the rectangle: 0<x<m, 0<y <m/2.
2. Evaluate j; (y —sin x)dx + cos xdy , where C is the triangle of the adjoining figure as
C

shown in Fig. 1: (a)directly; (b) by using Green’s theorem in the plane. [98 A A% ]
3. [RFGreenE #E>K fc 4x*ydx + 2ydy Z M8 » HFETEEIECHR A0, 2), (0, 0), (1,2)=

B Ry THRE 2 = F B SRCERG $1 717 - 40 - (9158 K EAR4] Fig.1 B(®?2, 1)

1. [FEI(){EC:: y=0, dy=0, F:0:>jC F-dr=0;

=
O A(r/2, 0
FCy x=m, dx:O,F:nsmyi:jC F-dr=0; | (w2, 0)
2
1£Cs: y=n/2, dy=0, F:xi—gsinxj =] Fedr = ["xax =—%; 0, (1, 2)
FCs:x=0,dx=0,F=0=| F-dr=0.
Cq =
n’ 0
J.CF-dr:J.CIF-dr+J.CzF-dr+J.C3F-dr+J.C4F-dr:—7.
. an aE . n/2 pm
(2) L F.-dr = J'J'S(E—E)dxdy = jo jo(—y COS X — X c0s y)dxdy
jn/z( ' xz )nd jn/z 7t2 g nz ' n/2 7I2
= —ysin x — —cos = ——cos = ——sin =——.
o ysmx > Yoty = |, > yay > y >

0

2.[fR@TEOA : y =0,dy =0 F53 B [> (=sin x)dx = cosxfz =-1
T_{E:ng,dxzo’ ST E B0

— 2 . 2 ) 2
FBO:y==x" %ﬁﬁjﬁ (= x —sin x)dx + cos x - —dx
T 5 om T

0

1 2 . 2

= (—x’ +cosx +—sin x) =-Ti1-=

i i 4 i
. 2 2
f (y—smxdx)+cosxdy:—1+0—£+1——:—E——
c 4 e 4 =

(b)eH Green & BEAHEFE 57 Fy

n 2 n 2
S(ox,0cosx 0O . S0,
2l=n _ _ — 2| (— —
[2]7 S oy ¥ sin Dl [2 ] (=sinx—Ddyex

L 2, 9 T
— 2 v(—_i _Nl= —_“02 ;
—jo y(=sinx 1)z dx njo (xsin x + x)dx

2 . 2122 2 2
:——(—xcosx+smx+x—) :——(1+n—):———E
T 2 T 8 Tt 4

0
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6F2:0 %:4)(2

Ox oy

§ R+ Fdy=[[ (% = %i)dxdy _ I; sz (0—4x?)dydx = | ; (~4x°y) ;dx

1

3[fEIF =4x’yi+2yj= F, =4x’y, F, =2y =

= j;(—sz +8x7)dx = (—§x3 +2x")

0
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