Fourier Analysis

F—F EXER
I. FHHAKE(Periodic Function)
EF  HITENEY x> SEFEAETER p > FERES()5E

Sxtp)=f(x) (1.1)

SR R B RS - Horh p B/ METE Ry f )Ry ER -

cosx and sinx have period of 2.

If /(x) has a period of p, determine the period of /' (kx).
Solution: Since f(x+p) =f(x), let x=kt, then

S (kt) = f(kt+ p)= f(k(t +§))-
Let F(¢) = f(kt), the above equation becomes

F(t)=F(t+ %) — f(kx) has period of %
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Iff(x+p)=f(x), prove (1) | : f(x)dx = | 0” /(x)dx, and (2)f g f(x)dx = [ 2, f(x)dx.

p p
Solution: | f(x)dx = [ f(x+ p)dx.
Let x+p=t= x=¢—p, substituting into the right hand side, we have

jﬁ F(x)dx = jB: f(0)d.
Noting that jﬁj F(0)dt = jﬁj F(x)dx, we get jﬁ F(x)dx = jB: £(x)dx. (@)

(1) Let o = 0, B = a, equation (a) = jo” F(x)dx = L" F(x)dx.
@) [ 2 reode = 2, fode [ fdx,

» r
but j 2 f(x)dx = j *, J(x)dx, the above equation becomes
a—; a+5

[ rGds = [2, S+ [ fords = [ £ (o,
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II. 1F%Z(Orthogonality)
TR AU S () R g(OBIHEE AN rCOTEER xela, BIAIPIRRE
<f.g>=] () f () glx)dx (1.2)

5 <f, g>=0 > T f(x) K g(o)EHEE B r(0)EER] xe(a, b] Ay 1EAZ (orthogonal) © & r(x)=1 >
(1.2)=C ] e B 5T Ry

<f.g>=[ f(0)g(x)dx. (1.3)

Fo TR > FRMPRFREERE (=1 -

TEFE * fO)EER] xela, bIHITFEIRR

1@ 1=< £, f(x)>"2= [ 2 ()

SIS 01(x), Ga(x), -+, du(FEEER] xe[a, DI

<i(x), 4y (x) >= 8yl i (x) II°, (1.4)

= A FE R xe[a, b]5IESS Hi (orthogonal function) » 2 m(x):nifgn . Bl

<ui(x), u;(x)> =38y

FEAH PRET w1 (x), ua(x), -+, u ()RR R xe[a, bRV ERAL IFAZ i % (orthonormal function) °
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Show that 1, cosx, sinx, cos2x, sin2x,-+, cosnx, sinnx are orthogonal on the interval xe[0, 2r].

. 2
) 2 sinnx|”™ [0, n#0
Solution : j cosnxdx = = ,

0 no|, 2n, n=0
2 cosnx|’”

T nx

j sin nxdx = — =0,

0 n 0

n . 1 pan_ . .
Jj cosmx sin nxdx = EJOZ [sin(m + n)x +sin(m —n)x]dx

2n

B l[_ cos(m +n)x _ cos(m — n)x} o
2 m+n m-—n 0 ’
2n 1 2n
jo cosmx cosnxdx = Ejo [cos(m +n)x + cos(m —n)x]dx
0, m#n

. . 2n
! _
:_[sm(m+n)x+s1n(m n)x} =In, m=n=#0,

2 m+n m-—n

0 2n, m=n=0

2n 1 2n
jo sin mx sin nxdx = EJO [cos(m —n)x —cos(m + n)x]dx

:l[sin(m —m)x _sin(m +n)xr i {o, ot

2 m-—n m+n |, T, mMm=n

Ex. 5
Form a set of orthogonal functions from {1, x, x*,---} on the interval (0,1).

Solution: Let ¢;(x)=1, then
(! 12 _ _ ¢, (x) _
||d)1(x)||—Uol><1dx) =1=u,(x)= TN

I 1
d,(x) =x—<x,u, >u, :x—UO x-ldx)-lzx—a,

N PR N
||¢2(x>||—(jo(x ) dx] S5 = = =B,
¢3(X)=x2—<x2,u]>u,—<x2,u2>u2zxz—U(:xz-ldx)-l

—(j(:xz -(2\/§x—\/§)dx](2\/§x—\/§) =x’ —x+é-

. . 1 1
We obtain the orthogonal functions : {1, x — > X —x+ P 4.
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1. i B Ey ek (Even and Odd Functions)
TEFE T BT x 0 BB (o) Ry Bl Ei(even function) >
S@)=f(-). (1.5)
117 BRI f () Ry e i (odd function) » 75
S ) == (=x). (1.6)

RIS e SR B GRS v Bl > — 57 RS BT B Y JrRh - (L] e S o] DA At
PREERET LR YA > [Ny

SO = T+ 0]+ [0 (0] =F) £,

BT £6) = 1)+ ) BB 00 = )~ (-0} B i -
MEET 1135 £ B fent > JI[° £ (odx =2 £ (xdx

2.5 [ (0 Roarat Al f(x)dx =0
3{%%, {1, 3 x+3F = {8

4 £ 2, 4 x+, fxd = A

Fourier 5



BT ([HEIrEERE(Fourier Series)

I. {F17EE4E(Fourier Series)

EF A HPRZHVER a=x <x;<x3<--+<x,= b@*&fa“”ﬁ@%ﬁf(X)TEF'EEJxj<x<xj+1L%H%bi
FPR /() B f Qo MFAE » Horj=1,2,--, n=1 > HIE f()TE&E[a, b] Fysy B4 -
S () Ry A 2n T EHAEL > T 1, cosx, sinx, cos2x, sin2x, -+ R [—n, n]fFILIEAS - Fik
ﬁafﬂ?%ﬂ%ﬁﬁﬁ HAE LRI f ()R Ry — 4R

f(x):%+i(an cosnx + b, sin nx) (2.1
o
2 j f@dx
a, = =—[" f(x)x
j dx noE
jn f(x)cosnxdx .
a,=— = —J' f(x)cosnxdx, n=123,--, (2.2)
Tc —T

T 2
j cos” nxdx

-7

[ £(x)sin nxdx

Y . 2
j sin “ nxdx

-7

=

=lj“f(x)sinnxdx, n=1,2,3,--
Y™

(2.2)Z TP HY B &y f (x)HY Fourier {58 » =8k #(2. )Z Ry £ (x)HY Fourier FR# -
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There is a periodic square wave with analytically represented as f(x) function
-k, if —m<x<0
f)=

series function to present the f(x) function. [106 JTEI A, 7]

i , and f(x+2m)=f(x). Please find the Fourier coefficients a,, b, and their
k, f 0<x<m

[ f (x) = % + (a, cosnx +b, sin nx),
n=l
a, = % j F(x)dx =0,
a, = ljn f(x)cosnxdx =0,
n -7

b :lj'n f(x)sin nxdx:gjnksm nxdac:%[l—(—l)"]
mY-n o0 nm

0, for even n Ak
=<4k =—
—, foroddn (2n — 1)7'[;
nr
4k 1
xX)=— sin(2n —1)x.
() =723 o sin(2n 1)

n=l1

Ilt Fourier 4R MBI A1

1 term 2 terms 3 terms
1 1 1
X X X
4 terms 6 terms 8 terms

i

e .

30 terms

]

10 terms 20 terms

X X

AV%QVAK X Aﬁﬁﬁ&ﬁ X
1@ wv—-w\
Lm,w%,_l L»—&“w—l
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Find the Fourier expansion of the function f(x) =x"; (-t <x<m). [98 =AM 7]

[ f (x) = %0 + i (a, cosnx +b, sin nx),

len 2’
a, =—| x“dx= ,
0 nLr 3

a, :—j x cosnxdx:—j x° cosnxdx =— (x smnx‘o—j 2x sin nxdx)
- 0

T o nmw

4

2
nT

4 n n
=— (xcosnx| —j cosnxdx) =
n'n o Jo

b, =0,

n

[(—1)"n]=(—1>"%,

2 0
fo) = ra> 1y B _ncx<n
n=l1 n

()8 Fourier SLEAEIATT -

1 term 2 terms 3 terms

Fourier 8
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Find the Fourier series of the following function f(x), which is assumed to have the period 2r. [ 104

= —tE 7]
M)
1
x
. : =
—T 0) Tf/2 T
[ f (x) = 2+ Z(an cosnx + b, sin nx),
n/2 1 n 1
] rde= [ 1= .z
_J' f(x)COSHXdX——J' 1 cosnxdx—i sin x| ™' :L nn
nm °  nm 2

b, :—J' f(x)smnxdx——J' I s1nnxabc-—L cosnx|,

Jx)=

/2

1
= ——(cosE -1)
nm nm 2

lfx)
+— z [smn—cosnx (cos;—l)smnx]

n=l

1
4

[Exercises]1. Find the Fourier series of the given function f(x), which is assumed to have the

period 27, where f(x)=0 if -t <x<0, f(x)=1if0<x<m. [100 32 KET. 5]

2. If f(#) =sinnt for te(—n, n] be a function of period 2x. Find the Fourier Series
representation of /(7). [98 & & A C]

3. Find the Fourier series of the function on the interval [-rt, 7], f(x)=—1, -t <x <0,
and f(x)=+1, 0<x<m. [103 ;& &M% 6]

4. Find the Fourier series representation of the square wave which is given
n<x<0

£x) :{2 e and f(x+2m) =/ (x). [86;5 KEH4]

, O<x<m
5. AN | f(0)=/(x+2n) » HAE-n<x<nr ERINES
f(x>={12’ ~m=x <0 o1 4As)

0<x<m

6. f(x)=x>, 0<x<2m, f(x)=/(x+2n). Find the Fourier series. [103 H 5% 6(a)]

0, —mt<x<0 | ) ) "
7. Expandf(x):{ e , in a Fourier series. [102 H1[[FA4-8% 4 ~ 104 tfJH 1
T—X,

0<x<m
3]
8. I. Write down the Fourier series expansion formula of a periodic function f(¢) with a

period 27. II. Determine the Fourier series representation of the periodic function f(7)

=¢' for —n<t<mand f(t+2m)=£(?). [104 IR 2(c)]
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9. Find the Fourier series of the given function as shown, which is assumed to have the

periodic 27t. [104 1 [F KA 6]

M
T
/2
X
—
=’ 0) e
© 1 ) 2 . 2 w _1 n )
[Ans]l. f(x)=1+2 sin(2n — 1)x 2. fiy=2 5 nED G
2 mes2n-1 T Sn-T

o0 4 o0 1 .
3. f(x):%zzl 1sin(zn—l)x, —n<x<m 4. f(x):4+—22 1s1n(2n—1)x
n=1 n=1

0

z(cosnx T Sin nx

2 )

n=l1 n n

3 2% 1 47
5. =-_= in(2n —1 6. == 44
@) =5 =2 sin(2n = Dx F)==3

1 & 1-(=1)" 1.
7. f(x):£+—2[¥cosnx+—smnx], —T<X<T
4 nm n

n=l

8. 1.f(t)=%°+ 3 (a, cosnt +b, sin nt)

n=1
sinh N 2sinh &
T

9. f(x) :g+li{ﬂcosnx L +g[(—1)" ~1]}sin nx}
T n n

n=l

1L £ ()=

i[(—l)" (cosnt + nsin nt)]
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II. (HI7EEERZ M 1524k E(Fourier Cosine and Sine Series)

2 f () BAEI& [, mlAIEKEL > ARy cosnx EABEREL - 1 sinnx E57 RREL > BREL S (x)cosnx
TR > f(x)sinnx BEFRLEL » KL f(x)HY Fourier {480 £y

a, :ljn f(x)cosnxdx:zjnf(x)cosnxdx, n=0,1,2,--,
T Y0

b,,:lj“ £ () sin nxdx =0, n=1,2,3,.
T T

AL f (x)H Fourier &R E AT 551

f(x):%’+ 3 a, cosnx, (2.3)
n=l

2 on
an:—j f(x)cos nxdx n=0,1,2,3,

T 0

T Byl 17 BE R 72 4 B (Fourier cosine series)

B 7 f ()25 e > B Fourier 4R %5

f(x)= an sin nx, (2.4)
n=l1
2 ¢n .
b, :—j f(x)sin nxdx, n=1,2,3,--
T 0

T Ry (17 B T 524K #(Fourier sine series)
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Find the Fourier series of the given function f(x), which is assumed to have the period 2m.

f(x):{x+n, if —m<x<0 (103 LI 6]

—x+m, if0<x<mn

[ f (o) Rl et 8 » H Fourier SRSy
f(x) :%+ gan cos nx

2 i

2 ¢ 2 X
=—| (=x+m)dx=—(—+mx
ay =] (cxtmydr == (== + m)

2
T 2

=—(——+7n)=m
n( 2 )

a,= 2 J'n(—x + ) cos nxdx = 2 (l)[(_x + 1) sin nx|;r + jn sin nxdx)
o T n 0

:i(o_cosnﬂ )=— 3 (cosnm—1)=— g -1)" 1—%
nm |0 nm n'm 2Cn-1)m
T[: 0
X)=—+ >cos(Zn—1)x
fx)=> nnZ]( ——cos(2n-1)

Ex. 5

Find the Fourier cosine series and Fourier sine series of f(x), where f(x) =sinx, 0 <x <n. [106EFFg

5]

0

RS () =5+ X a, cosna

=1

a, =3jof(x)dx =—j0“sin xdx =3-(—cosx)|g _2 (cosn—1y=—-2
T T T T

T T 1 T
a, _2 | F(x)cosnxdy == [ "sin x cos mxdx = — [ Tsin(1+n)x +sin(1—n)x]dx
Y0 Y0 Y0

_ 1 cos(l+n)x N cos(1—n)x " B

]

_ 1 cos(I+m)m—1 N cos(l-n)m—1

]

T I+n I-n 0 T I+n I-n
1 (=D -1 (-D"™"-1 1 -2 -2 2. 1 1 4
YoV o PO P eSOV P SRS BN
n  l+n I-n nl+2n 1-2n" n 1+2n 1-2n" (1-4n")n
2 4% 1
fx)y=—+— ~cos2nx,0<x<m
7'[,,]1—4n

Q)% f(x) = Zb sin nx, Hidb, =1,b, =0, n#1

f(x):smx,0<x<n

Fourier 12



[Exercises]1.

() H LIRS (x) = {

Expand the given function in an appropriate cosine or sine Fourier series. f(x)=|sinx/|,
—n<x<m. [103 ZEFE% 4]

B B R - BB O SRR - 103
@3

. There is periodic square wave with analytic with represented as f(x) function f(x)

—k, when-nt<x<0 . .
= , and f(x+2m)=f(x). Please find the Fourier coefficients

k, whenO<x<mn

a,, b, and their series functions to represent the f(x) functions. [103 JTEM4%M 7]

. Find the Fourier series of the following function f(x)=x+ =, if -t <x<m, and f(x +

2m)=f(x). [106 &KL 1]

- ORI £ (o) YT B ER 52 4R #(Fourier cosine series) © f(x)=x, 0<x<m. [104 5

F—IRZ T

2 8¢

[Ans.]1. f(x)=——— T cos 2nx
T nS1-4n
2.(a) NS ()
—n T 21 31 ;
(VS (€) /()= 3o sin(2n -
4k 4 & .
3.a,=0, b, =m,f(x)=7;2n_lsm(2n—1)x
4 f(x):n—ziﬂsinnx s rm=2-ds b osen—nx
' = n 2 e 2n-1)>

Fourier 13



. (FEEH p=2L AYEL
¥t £(6) By BH 2L f95) BY A > 2

X t L ™. (2.5)

EoL<x<LH%>—n<t<n ’f(x):f(%t) ; %F(t):f(%t) L F(HRYHEEA B 2 » B /Y Fourier

F(f) = “70 + (a, cosnt +b, sin nt), (2.6)
n=1
/\l:'j
a, =lj“ F(f)cosntdt, n=0,1,2,,
TC —T
b,,:lj“F(t)sinmdt, n=1,2,3,-,
TC -7
Fr2.5)= A > (2.6)=XE &
f(x)= % +>(a, cos% +b, sin %), 2.7)
n=l
/\l:'j
a, =~ [" f(x)00s"™ ax n=0,1,2,
n L7t L ) s Ly & )
b=~ [" fx)sin ™ ax n=1,2,3,-
n Lt L ) 9“9 Iy .
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SR BB f (%) = | cos2x | YT TELREY - [106 HHLLER T 6]

[fi] cos 2x HYFEHA Ky m = cos 2x | HYAEHA Fy — E#‘rﬁ%kﬁ%ﬁ
Eﬁf(x):%+ian cos4nx

T
4

a():%jo“f(x)dx: j cos2xdx =— 8 sin2x

4
T 2 T

a = 8 [+ £ (x)cos dnxdx = 8 [ #cos2x cos 4nxdx = 4 [ #Tcos(4n +2)x +cos(4n — 2)x]dx
o o o

n . T . T
_i.[sin(4n+2)x N sin(4n—2)x] n i.[Sm(2n+1)2 X s1n(2n—1)2]
T 4n+2 4n-2 o T 4n+2 4n-2
( 1) ( l)n] 4 n—1 _1 1 4 o 1
—- (-1 + =—.(-1 .
T 4n+2 4n - 2] n( ) (4n+2 4n—2) n( ) 4n* -1
2, 450
= cos4nx
=Tt S
Ex. 7
1 i i . x, 0<x<l o
Find the Fourier series of the function f(x) = o l<icn [91 At 2]
’ Sx<

[fE]3% f(x) = z a, cosnmx + b, sin nmx), FHrh
=1
1

1

a, = jozf(x)dx - j; xdx + jf Ocdx = %2

0

2 1 1 . L.
a, :jof(x) cosnmxdx :joxcosnnxdx =—(xsin mcx|1) —jo sin nmxdx)

nm
cosnnx|] _cosnm—1_(=1)" -1
P |0 I e
2 . [ 1 1 1
a, = jof(x) sin nmxdx = joxsm nmxdx = —%(xcosnnxh —jo cos nmxdx)
_cosnm_ (=1)"
T mn
f(x)= Z[ cos nmx — =D’ ——sinnnx], 0<x<2

nt
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[Exercises]1.

. Find the Fourier series of f(x) =< x,

1
. Suppose a periodic function f(#) with period is defined as /() =+ ;.

Expand f(x)=x" for 0<x<L, (a) in a sine series, (b) in a cosine series, (c) in a

Fourier series. [100 )& A& 7]
0, —2<x<0

0<x<l

, 1<x<?2

. [94F FLHEREE TR 8]

0<r<k
0, k<t<2
[ 1005 A% A

where £ is a constant (0 <k <2). Please expand f(¢) in a Fourier series.

6]

. Find the Fourier series of periodic function f(x), f(x)=—1(-1<x<0), f(x)=1(0<x<

1), P=2L=2. [102 Fi#%fK 5]

. Find the Fourier series of the function f(x) :{_ k, —l1<x<0 . [103 57 A% PN 8]
k, O0<x<l1
0, —-2<t<-1
. Find the Fourier series of the function, periodic square wave f(¢) = —-1<t<1
0, 1<t<2
[105 TR O]
2, —=2<t<-1
JAff(6)=<1, —-1<t<1 ,(a)find the Fourier series of f(¢), (b) find the value of the
2, 1<t<2

Fourier series, found in (a), converges to, when ¢ is an integer, (c) find the steady
state solution of the O.D.E.: y" +25y=1(¢), where y" =d"y/dt’. [981% RKH&HHKS5]

2& (=) 2 . NTX
[Ans.]1. (a)— = — —-1)" —1}sin , 0<x<L
@)= T S - ysin
2 2 w _1\"
(b)L—+4L2 z( 12) cosnnx, 0<x<L
3 L
I & r 2nmx  L* . 2nmx
—+ — ——si ,  0<x<L
(c) 3 ,,Z::‘(nznz cos 7 nnsm ) X
3 1 & nn—-2 = nmx LT
2 f(X):g'F?;{( n2 —;SIII?) OST+[_ ———( 1)] } 2<x<?2
3. f(t)—% kiz[sm ™ cosnmt — 2SK L G )
TC,,:]
4 f(x)—ii sin(2n —1)mx 5 f(x)—ﬁi ! sin(2n —1)mx
' nes 2n—1 ' T 5 2n—1
k 2k (- 1)"] mtt
6. f(t)=
/0= 2 ' 2n —1 2
7(a)3 2 (1) S(2n—l)nt’ rei<n
2 = 2n— 1 2
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_ . S(2)+f(=2") _2+2 _

(byr =2 SR : 2y
. S+ fET) 2413
(=1 R : +_2
r=0:é&§aﬁf(0');f(0+):1;1:1
tzlzé&%zﬁf(l_);f(r)=1;2=%, f+4)= 1)

(c)C, cos5t+C, s1n5t+—+ i D’ (2n —Dnt

COS
(2n—1)[100 — (2n —1)*7] 2

Fourier 17



2E F -0 2 BH(Full Range and Half Range Expansion)

#i f0) HE AT FE R - BT 0<x <L » (D)FAFTRIDARE /(o) LUBRA L 25 - 1S kExt

ez lEfER (full range expansion) : ()t A DAL ()€ 0 <x <L #ERARIE-L <x<L HIYMEK

B HRF f(0)REBARE Fourier BR5Z4REL » LERF > f(x)@—{EZEHA 2L 8B AAeREL 5 (3)E ekt f(x)

e 0<x<L #EENRI-L<x<L WERE > K ()R Fourier IE5ZEREL > FLEF - f(x)
= {EEHE 2L B EHE R g -

Represent f(x) by a Fourier series, f(x)=x, 0<x<L.
Solution: (1) Full range expansion / / /
- 2 .2
Let f(x):a—°+2(an cos nnx+bn sin mcx) —2L -L L 2L
2 = L L
2 L 2 oL
ao—fjo f(x)dx—fjo xdx =L
2 (L 2nmx 2 (L 2nmx
a, _fjo f(x)cos dx—fj'o X cOs dx
1 2nme|t pr 2 L 2nmx|"
=— (xsin X (" sin mtxdx): —— €08 mcx| =0
nm L 0 L 2n'm L |0
2 L2
:—J' f(x)sin Tex x:—J'O xsin 27 gy
1 2 L2 L L . 2mx|" L
=——/(xcos mr —J' co nnxdx)___+ >—5 sin mcx| =——
nm o 70 L nt  2n°m L |0 nm
L L&l . 2
f@)=2 =~ sin =
oo n L
1 nes.
7 I\
III \ n=5
0.8 /’ \
/ 4 \ ‘l
/_ it \ ‘|
0.6 ’ \
\
fneg
0.4ﬂ|\\ 7L
'Y / /
\‘ N/ /
0.2\ _ 7
\ /
\ II
/)
0 — \ \ \ \
0 0.2 0.4 0.6 0.8 1
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N

V-

L
(2)Fourier cosine series
-2L -L L 2L
Let f(x):az_"+2an cos =%
2 oL
a, :Ijo xdx =L
L
a, —jL cos@dx——(xsin@ — in@d)
Lo L nm L |,
2L nmx|” 4L
= cos = - -1l=-——F
n’n’ L |0 n’n’ (=D | 2n-17°n’
L 4L 1 2n—1
f=2-2z cos 1D
~(2n-1) L

N
L
o . —2]/_L L X
(3)Fourier sine series / /2 0 =

. hnx
Let f(x)= Zb sin =

L
—j xsin—dx———(xcos@ —j cos@dx)
nm L |, L

L n—1
2L . -1)""2L
B VA R
nm n-T

L |0 nr
2L & (D) . nmx
fx)==>" sin
T o N L
] 5 terms P .
| ; Cosine
II \‘
0.8 !
‘n‘ Full range
1 \
1 \
0.6 — / \
’”~ \_/, “
4
; :
0.4 '
7 \
A \ Sine
0.2 7> !
g \
4 ]
/ \
]
0 T T T T \
0 0.2 0.4 0.6 0.8 1
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 fOHIHILEER IR a0+ i a, cos(nmx) + b, sin(nmx) > EK £(x) ={

x+1, -1<x<0
x—1, 0<x<1

Hf&x)=f(x+2)Z(a)ao 2 a, > (b)b, » [102 FEREEE 2]

() (x) B 25 0 = @, = 0, @, =0, £ (x) = Db, sin nex

b, =2], £ (x)sin nvdy = 2 (x ~)sin nrvdy = 2] xsin nmxdx — [ sin nmxd)

2 2
= —i[(x cos mcx| j cos nmxdx) — cos nnx|:)] =——/[cosnn—(cosnmt—1)]=——
nm nm

[Exercises]1. 3K PAEL £ (0) A 17 B AR T2 4 (Fourier cosine series) ° f(x)=x, 0<x <7 [104 5
BIREE T

2. Given f(x)=L—x, 0<x<L, represent f(x) by a Fourier sine series.

Hint: f(x)=%"" b, s1nTnx where bn—%j:f(x)sin%dx,nzl, 2, [1021 5

TRI%PI6]

3. Find the Fourier series of the function f(x)=x+5, -1 <x<1, f(x)=f(x+2). [105FF
RERRET]

4. B f(x) > —L<x<L > AT IRV EI SR EIER

f(X)——aO+Za cos(—)+b 1n(—) L ()= {

—nt<x<0

2, 0<x<m

(L=m) K

ap ’ an&bn [102%):‘ %%5]
5. BERIf(x)=1> 0<x<m * FHEK FNFITIE

(a)%ﬁ%é‘ﬁéuﬁ?}%ﬁ%%ao +Ya, cosnx * Ha=2["f(x)ax °
n=l1 s 0
a, :gjnf(x)cosnxdx, n=1,2,3,; (b)FFHIEZPIE R ibﬂ sin nx * HHb,
s 0 n=l1

:gjonf(x)sin nxdx, n=1,2,3, ° [104=EHRHEL]
T

[Ans.]l.f(x):g_iiM,OQKn 2. f(x )__i sin 7, 0<r<L

s @n-1y
2& (D" 8
3. =5——) —— 4. =0, b,=
fx) n,,Z‘ " sin nmx ar=a 2n—T)n

0

@@ =1 (b= 3T

=1
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V. ## A Fourier 4t #(Complex Fourier Series)

00 inx

0 = 20 +;(a cosmx +b, smnx)— Z e " b © ;l_e )
ao z[( o (%lbn)e—inx]:co+Z(cneinx+c_ne—inX]
=

Hrp

¢ = % = %nj'_nnf(x)dx

¢ = _2”’" - i [ f()cosnx —isin nx)ds = i [" r@e s

¢ =% ;ib" - 2%: [ f(x)(cosnx+isin mo)dx = i [" (e dx
At

f0=Sce” Cr<x<n
e

¢, = 21_75 j _nn f(x)e ™ dx
AR 2L AYE S Fourier 48505

f(x)—Zceme -L<x<L (2.8)
Hrp

c, = ﬁJ._LL f(x)e_i%dx

Fourier 21



Ex. 10
Expand 1(x) :{

-1, —-mt<x<0

in a complex Fourier series. [93 troif#f 8(b)]
1, 0<x<m

[fE12 f(x) = icnei"x, —T<X<T

n=—o0n

I ¢n inx 1 0 —inx T —inx 1 e™ ' e™ "
g—aglﬁmﬂe w;55q441?6u+hye dil=o Gl _mo)
:L(l .einn +e—in7r._1 :L .z_e.i_nn_ejinn)
2n in —in 2w in  in in
1 2 cosan+isinnn  cos(—nm)+isin(—nm)
_%[E_ in - in |
_12(—1)"(1) 1 1-(-1" 2
"l ) xl m m@eoD)

2 & 1 _
et =— Z—el(z" DY _p<x<nm
in,=2n—-1

[Exercises]1. Find the complex Fourier series of the f(x) on the given interval. [104 J& KA B 8]

0, —l<x<—l
4
1 1
JO)=:1, ——<x<—
4 4
0, —<x<l
2

2. FEACK (1) = 2sin3tcosnt + dcos s ERES Hoe(0) VTS BT EELR i (Complex
Fourier series) ° [102Z i 2.4

2 &1 nm o 1 1 S
Ans]l. f(x)=— ) —sinh — "™, ——<x<— 2.f(x)=m+i )Y —e™, 0<x<2m
[Ans.]1. f(x) in,,:z_wn 2 2 2 S(x) zn

n#0

3.
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V1. Fourier Series FYU &4 (Convergence of Fourier Series)
1. HEARNE X Parseval Z{(Bessel’s inequality and Parseval’s equality)
a5 f(x) Ry B HA 2n Y oy B A B - 1REAIR

j_nn[f (x) =5, () dx >0
Hr

k
a :
s, (x)=—"+ Z(an cosnx + b, sin nx)

n=1

i L B
[ e -siFde=["[f(Pde=2[" f()s,()dx+]" [s,(x)Pdx

AT » HH Fourier {480 E #2 K IEACHIRR (K]

J'—nn S ()5 (x)dx = J'_nnf(x)[% + i((l” cosnx + b, sin nx)dx = n;zg

j [s, (x)Pdx = j {[—°+ Z(a cosnx +b, sin nx)][7°+2(a cosnx +b, sin nx)]}dx

n=1

nao

BRI
[ @ -si@Pde=[" [f@Fde~ [T+ 1) (a; +5)]2 0

HFTE kE - 55

a? k
_0

(a +b§)slj“ [£(x)] dx
TYy-n

N F L3 G TR L EHER - 155

0

i+2w+ﬁv juunw (2.9)
Iﬁtfﬁﬁa%ﬁ? R (Bessel’s inequality)
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QOANTEFEIRERAATIR - NIL - BE#
—5 i (a, +b,) (2.10)

g > 152, 10) U s Y b BRI

lima, =0, limb, =0

n—>0 n—0

Rk

k - {f(x) { °+Z(a cosnx+b, smnx)} dx =0

n=1

8 Fourier SRETHIE / (OIIE » 75 Fourier SBULRLE /(0I(E » A

5 i +bf)=%j_nn[f(x)]2dx @.11)
[t A Fy Parseval =

2. Fourier £ (Fourier theorem)

Fourier &REULa 2 $HE NIRRT 2 E 28 & Fourier B3 > 5% f(OFE &R (-m, m)57
E i H AR Ry 2nH A AR S - EHY Fourier &18

% + i(an cosnx + b, sin nx) H{Iﬁﬂz§w )

) ST =, ) By 5y ELGH B O m PR A SCATFTSIG 7 (o (B ERATE
ff > FRE > - <x <TEIPNER £ Fourier é@w@@i@ﬁﬁ% | T

Xx=471 > L{Qﬁ{[@ f(—TC+)2+f(TC_) o
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Ex. 11]

(a)Find the Fourier series of the function f(x), where f(x)=x>>—n <x <n. (b)Use the results in (a) to

1 1 . ) _1)n+]
prove — Zn— =l+ 5+ 3 +— 42 “*. (c)Use the results in (a) to calculate z =7[98
n=1 n=1

ajﬁfﬁjt’f»&@-é 4]

(IS £ ()= 2+ 3 (a, cosnx +b,sin m)» B 1) B, =0

2n?

2 en
aoz—j x’dx =

TC O

2 T 2 2 2 - T n .
an:_J' x? cos nxdx = —(x smnx‘ —2j xsin nxdx)

T 0 nw 0 0

j cosnxdx) = (—1)" iz
n

n’n
D
=3 +4; - cosnx
(2)x =LA L5

- + 2 0 _ln
S5) /G >:%+4; )

(-)" =’ :—+4z :>Z—:—

n nln n=1 1

Ex. 12
Show that the Fourier series of /(x)=x>—n <x <= leads to % =1 —% + % - % +---. [97 Rt EE

TROCHRER AR 8]

[HELf (x) B2 S = 2 f(x) = b, sin mx

2 ¢n . 2 (7 2 2(-n""
b, = —j X sin nxdx = ——(xcosnx| —j cosnxdx) = ——(mcosnm) = 260"
0 nm 0o Jo nm n
0 _1 n—1 )
f(x)= 22 =D sin nx
n=l1

x= gfﬁ/\tﬁ%

T n
f(g )+f(2)_2i(_1)”“ . Am T 1 1 1

= s Zo(l—o ===+
2 ~ 5 2 2 35
n 11 1
—=l-—+—-—=+
4 35 7
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[Exercises]
2

£/()="  —msx<n AL IIERBRMII KGR Y.

> [97 eI 4]

. . . 0, f0<x<m 1 1 1
2. Use the Fourier series of the function f(x)= , find the sum 1—-—+ ———+---,

1, f t<x<2m 3 5 7
[101 E IR 5]
3. f(x)=x" is defined within 0 <x <2m, and f(x) has a period 2, then (a)find the Fourier series of

f(x), (b)evaluate the sum of the series 2—2 from result of (a), (c)evaluate the sum of the
n=l1 n
) _1 n+l

series z (

n=l

from result of (a). [99 32 KM 6]

<

4. 1f r(x) =x", 0<x<2m, r(x) =r(x+2m). (a)Find #(x) in the Fourier series. (b)Evaluate 2—2 .
n=1 n

o [ n+l

(c)Evaluate Z( . (d)Evaluate i( . [104 droupthae H I EE

n=l n=l

. ) ) .. ) k, if -m/2<x<m/2
5. (a)Find the Fourier series of periodic function f(x) = . (b)Show

0, if t/2<x<3m/2

1 1 1 T
l-——4+———+--==_[91 4 %5
37575 1 [91 JERENH 5]
6. (a)Expand f(x)=x+m, -t <x<m in a Fourier series. (b)Use the result of (a) to find
oS [94 S 7)

e
0, —m<t<——
2

7. EAEIHEE S (1) =1, —§<t <o f(O)=f(+2m) BRI EERE o AR A

T
0, —<t<m
2

FAHFR |- ==+ [104 FERIATHH 7

0

[Ans.]1. f(x)—“6 Z

ool TCZ
cosnx, =
;nz 6
1 2°° 1 1 1 1 n
) f<x>—5——z sin2n- DXI_T?_?...:Z
TCZ (1)n+] TCZ
n=1 _6 ;
- 2 i

+4Z(n—cosnx—§s1nnx) (b)— (c)é (d)%

n=l

3. (@)f(x)=

4. (@)f ()=

Fourier 26



5. (@)f(x)= g + % i(_nl—)_l cos2n—1x (b)ig

6. (a)f(x)=m— 2i (_}?n sin nx (b)% 7. f(t)= g + 2i (2_1)"_1] cos nt
n=1 n=l <N —
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VIL Fourier 4R8I 77 B35 7
1. T e
5% COTEERRE -, n] B B (—m) =/ () S COTERRERRE B 57 B3 JI £ ()
{9 Fourier 4%3(7] i £ (x)# Fourier 4 8—IH—IEM5YTTi15 » ELAMEHIRBURIE £'(0) -
2. RSy EH
S £ COTE@ R, m]5rER i H AR 2n sy o HISESR £ (o) Fourier SR A EE

& E AR B NRZIERE T
ELA1 S (x) =] sinx | [y Fourier &80

Sinx:2+izcos2nzc’ 0<x<mw
n nig1-4n
1 f (x) =| sinx [{E & [-n, ]84 H f(-n)=f(n) » KL FIEW 1S
8 < nsin2nx
CoSx=—— , 0<x<
nZ‘ 1—4n’ e

Ex. 13
ELLf () =x, 0 <x <2 3 B T B TR oL AR5 xzi;—scos(m) sin("2%) - BURIFIR K F) =
X%, 0<x<2 ZfHITEEREY - [105 FERLAHH 8]

RV (X)) Fourier SB35
X
-

1 0
x> = —? z cos(:m) cos(mztx) +C
T n=1

z_—4 cos(nm)[— 2 cos("E Y] + & = % D Cos(f") cos(™y 1
' N7 nm 2 n 2

n=1

_ 16 & cos(nm) N

x=0fA=0 _22 - Coenenens (i)

nS N
2, cos(nm) 1 1 1 n’
- ==

2, n’ 1 22 3 12

16 4
)=>0=—-(—)+C=>C=—
(1) =7 3

4 16 nmx
Lxt ==+ cos(nm) cos(—=
3 nZ (nm) cos(=-)
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HoE IR

I. {E17 #8557 (Fourier Integral)

A IO A e S Fourier 4R35 > 28T » FFERANECABELL Fourier SREFR » 1
PR L RS Fourier MG EAE TR TR o f()EER[-L, LI
Fourier 4 # 5y

f(x):%)+nzzll(an cos%x+bn sin%x) (3.1
/\l:lj
1L nmu
a, :fj_Lf(u)cosTdu n:()a la 23 33
b —lef(u)sin@du n=1,2,3,
n L L L b b b

FRAGDR - 15

nmx nmu . NTX
du

(x)_—j f(u)du+z j f(u)(cos T 05 4 sin ™ gin
1 =5 I s 3 eos ™0 au (32)
B £ OB TR B[] £ o) |t > B

LL [* rndu

:ﬁj’if(u)dug gﬁjjf(uﬂdu

B Lo THEHTH 0 L B x » L0 - GO

nm(u — x)

1l &t
f(x)= %EI;I;J._L S (u)cos du (3.3)
/%\(Dn Z%’ A(;):o)n+] -, :%’(33)fﬁﬁ N

L Y el _
f ) =—lim Aco; j_L f@)coso, (u—x)du =— | do [ fa)coso(—x)du
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=1 [7] f)cosou - x)dudo (3.4)
T Y0 J-o

f(x)= lr r [ f(u)coswucosmx + f(u)sin ousin ox|dudo
T Y0 J-0

HAPIHF LB

f(x)= J.: [a(®) cos wx + b(®) sin wx [dw (3.5
Hop
a(w)=1 [ r(x)cosxdx
P

b(w) =+ [ f(x)sin wxdx
)
(3.5)z0F f(x)HY Fourier f&73 Rz -
(DA f(x) RyfBpR gL b(w)=0 » (3.5)= bk

f(x)= jowa(w) cosmxdm

(3.6)
a(w)=2 [/ (x)cosaxdx
T 0
(3.6)=(H# £y £ (x)AY Fourier x5%F& 77 (Fourier cosine integral)
Q)4 f(x) Bar bl E# > a(w)=0 > (3.5)F bRk
fo=] :b(co) sin oxdo
(3.7)

b(w) =2 [ f(x)sin oxdx
T 0
(3.7)=UF8 B £ (x)AY Fourier 152 f& %7 (Fourier sine integral)

A cosw(u—x)%[e“““'“ Fe U] L (3R AT
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P =] @ e o
T -0
el Lo o (1] s audo
T e o s L e
b - T -~
= o [ e o [ e

— iﬁo I_Z fw)e ™ dudo = %nj._i |:J._Z f(u)e"im“du}eimxdco
e WIS =15

f(x)= j:c(co)emdw (3.8)
Hr
(o) = ﬁ j“; F(x)e ™ dx

(3.8)FfE A f (X)) EAY Fourier & 47 (complex form of the Fourier integral) o

[Fourier &5 EH 45 J._Z|f(x)| dx 71F » f(0) 5T B s 0 Al

LJ'OO J'OO f(u)e—im(u—x)dud(o — f(x_)+f(x+)
2 e d 2
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1,
Find the Fourier integral of f(x) :{ %]

<1
.[97 EEEEF 3
0, |x|21[ H%E@?]

(1% £ (x) = [ "[a(w) cos wx + b(w)sin ox]do

a(w) = %J._Z S (x)coswxdx = %J._]]cos oxdx = %[sin(co) —sin(—w)] = 2sin ©

b(w) = % [ f)sin oxdx=0

2 = si
f(x):—J. SO s oxdo
T 0
2 r#COS@x sin M ,,
= [[EROEERE o B A
Y u=2 Y u=4 Y u=2_8
1 1 1
X X X
Y u=20 y u=40 Y u=380
1 1 1
A S o i T S o i N,

| . e’, x=0 .
Let f(x)=e ", compute the complex Fourier integral of f(x). Note that f(x) =< 0 [88 |
x <

KA 5]

2

(711 (x) = | e(@)™do

1 o ; 1 0 . 1 0 . © .
0)=— Toxdy=—| eMe™dx=—(] e'e™™dx+| eFe ™ dx
(@)= [ fwedx=—[, (- Ji )

(1-im)x 0 —(1+iow)x @

—L O (-iw)x ' _(1+io)x :L e
_2n(j—we dx+joe ) 2n(1—l'(0‘_00 1+i(0‘o

_ 10 _0-1 ) 1 (io)r(izie)
21 1-io 1+io” 2n (I-io)(l+io) 7w(l+o’)
1 @ 1 iox

S == ——e"do
n'>l+o
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0, x<0
o . © COS XM + ®SIN X® i
Please use Fourier integral representation to show that j . . do = > x=0
+ o
ne ", x>0

[94 K285 3]

0, x<0 N o .
[FE1% f(x) = {e"" 0™ 2 f(x) = I_w[a(w) cos ®x + b(m) sin wx]do

e(a+ib)x B ((l _ l-b)e(a+ib)x B e™ ((l — ib)(cosbx +isin bx)

a+ib a’ +b? a’ +b?

%?ﬁg." eaxeibxdx _ J'e(a+ib)xdx _

e“[(a cosbx + bsin bx) + i (asin bx — b cos bx)]
a’+b’

e” (asin bx —bcos bx)
a® +b’

e“ (acosbx + bsin bx)
a* +b’

E%BJ. e™ cos bxdx = EF:?BJ. e™ sin bxdx =

1 e'(- coscox+cos1ncox)|

a(co):lj.w f(x)cosmxdx = IJ. e " cos mxdx =—
Ty o

T 1+’ ‘O

0+1 1
1l+’) n(l+o’)

1 e (-sinwx- cocoscox)|

b(w) = [ F(x)sin oxdx == j e~ sin oxdx =
Ty T

T 1+ ®? |O
0+t o
Tc(1+c02) n(l+ o)
COS ®X + ®SIin mx
f(x)=— j do
1+
w N+ f(x7) 1 = cosmx+ msin mx 0+0 © COS X + MSIN ®X
sy <o L) 1 do = S do
- A 2 nJ.—w 1+ ®? 2 I 1+ ®?
J~oo coscox+c02sin wxd(o:O
—®© 1+
o 1 1 ¢ i
i = O - (0 )+f(0) J- coscox+cos1ncoxdw:>0+ _1 coscox+c02s1ncoxak0
1+’ 2 T 1+o
J-oo COS X + ®sin coxd
— 1+ 2
e - 1 o i
> O ’f(x )+ f(x” ):_J- coscox+cozsmcoxd(0
TI—* 1+
e +e” :_J~w COS X + ®sin wxdw:jw coscox+c02sin (Dxdco:ne_x
1+ ®? —e0 1+
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Ex. 4]

. ) . ) 2t, 0<t<
Find the Fourier cosine integral for the function f(¢) =

1 n02 g 2)

0, otherwise

[fE]R f () = j:a(w) cos wtd®

° 4 ) .
a(®) :zj f(¢)coswtdt :zj] 2t cos wtdt = — (¢sin cot|] —j] sin tdt)
70 70 o 0 Jo

1
cosm—1

cos ot 4 .
)=—(ino+——)
W ®

4 .
=—/(sno+
o

0

f(t):ir0 (smco+ Coscz_l)coscotdco
T o ®

1, -l<x<l

. ZAEITEERG = - [104 555 — 1 9]
0, x<-1gx>1

[Exercises] 1. 2K f(x) :{
2. Find the Fourier integral representation of the following non-periodic function:
c0s0, —L<x<™
f(0)= T2 2 - [104 SEIAE T 5]
0, otherwise

3. Please use the Fourier integral to show that

. . T . .
J- smncosmxcodw: Esmx, 1f0£x£n.[101 BF R M 5]

2
¢ l-o 0, if x>
[Ans.]
2 roSin 2 ¢ 1 1
1. =— cos mxdm 2.f(0)=— cos— cos ®0dw
/& tho o . J©) njo - 2
3. B
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II. {817 EEfEA(Fourier Transform)
1. (EIT AR E 2
MG - EEH

FU@I=Fo)=] fx)e ™dx
Al

FF(0)]=fx) =i [ _°°w F(o)e™do

F(@)ff % f ()] Fourier i -
R GO - 3

Fo(o) = j:’ £(x) cos oxdx
A
f(x)= gJ'OOFC (®) cos mxdw
T 0

Fo( )T Fy f (o) TEER XA (Fourier cosine transform)
HEG. 7 &

Fy(0) = jo‘” £(x) sin oxdx
Al
=2 [ Fy(o)sin oxdo
T 0

Fyo)f& By f(x)AI{E T B [F X i (Fourier sine transform) o

Ex. 5

2, -3<r<l
Find the Fourier transform of the function g(¢) = C . [105 EREEE 7]
0, otherwise
[ﬁ@]r f)e ™ dt = j] et =—2 .o = 2 (e —e”)
- -3 —i® S —io
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Ex. 6
Find the Fourier transform of e, where a>0. [89 1k AA&AR 5]

2
(O]

i® )
- o —a(x+—)
e 2a 4adx:e 4aj e 2a dx

. . 2

io 0o o

o —a(x*+=x) o —a(x+—) ——
X = j

—o0 —00

[ﬁf’ﬁ]j_i f(x)e " dx :j e e dx :j e

o0
—0 —0
AL 10 .
7u:x+2—’ R
a

o’ o’ o’

e_aj'w e du = e_aj'w eV gy = ¢ 4 %J'_Z e"(*/;“yd(\/gu) —e 4 .\/g

—o —0 a

Ex. 7
I+cosmt, |t]|<1

0, |t]>1 1106 SAEER 2]

Determine the Fourier transform of x (#) :{

[AE1EE () = | Z c(w)e do

(a+ib)x s (a+ib)x ax o ..
%%gj o™ ™ gy — je””””dx _e _(a—ib)e _e (a—ib)(cosbx +isin bx)

a+ib_ a’ +b? al + b2
_ e™[(acoshx +bsin bx) +i(asin bx — bcosbx)]
a’+b*
B[ e cosbudy = < IOPTHDINGD gy o i ey = € L4 PXD00SH)
a +b a +b

_ 1 @ —int _ 1 1 —int _ 1 1 —int 1 —iot
(o)== [ xe dr=—— L(l+c0snt)e dt—%(j_]e dt + j_]cosme dr)

. 1 . 1
1 e™ e (—imcos Tt + msin nt)| |
~— 5 . . N2 2
2n — zco|_] (o) +m |_]
1 [e‘i“’ —e N e (im)— ei“’(ico)] 1 i~ 2isin N io(—2i sin co)]
2 —io -0 2 —io -0
I sin® osinw
=—( ) 7)

T Q)] T —®

l = sin® oOSNO. ,
M) == =+ dw

Ty Q)] T —®
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Ex. 8

x, f0<x<a

Transform the function f(x) :{ in the form of sine integral. [105 H1 %28 6]

0, if x>a

[fi#] Fy(0) = j: £(x)sin oxdx = jo” xsin oxdx = —i(xcos x|~ jo” cos mxdyx)

a

1 sin x 1 sin wa, Sin ®a — ®a cos ®wa
=——(acoswa — )=——(acoswa — )= >
® 0 ® ® ®
2 [~ Sin WA — ®A COSOA .
f(x)=— j > sin mxdw
o0 o

k, —a<t<a

[Exercises]1. Let a and k& be positive numbers, and let f(7) :{0 . Find the Fourier

, <-a,tza
transform of /(7). [104 EF K EE 4]

2. RN HIKEHIE T TR (2)f (x) :{

|x|<a

L P @ B (D) ()
0, |x|>a

e, x<0

—2x’ > 0
=% T 1102 R 3]

3. Find the Fourier transform of the function f(x)=xe™ . [105 tHL[[3¢EE 5 ~ 101 B
B 6]

4. Find the Fourier transform of the given function f(x) = {xe

+ >0 1100 o
x<0

2

7 5]
5. Show that the Fourier transformation of e is \/Ee_““. [106 & KA 5(a)]
o

. . . x, fO0<x<a "
6. Find the Fourier transform of the function f(x) = ~ . [105 FZEMYEER 3]
0, otherwise

7. Find the Fourier cosine transformation of f(x)=¢™. [103 =758 4]

. 25 2 o1 . _mﬁz
[Ans.]1. 2k sin am 2. (a) Sin aw (b) 70+7c;) zczo 3. —@\/;e .
® ® 25+ )4 +ow) 2
1 . —ina —ioa _
R O L et N S
(I+im) 0 1+o
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I1I. Fourier ¥EHARM-E

/%\
Fo)=7@]=] f(0e™dr
H

f(O)=F"[F(w)] =$ [ F(o)e™do

Fi(0)=71/(9)], F2(0)=7f2(1)]

f@re0=[" f(glt-1dr =] f(t-)g(x)du EH £ g IER

Fourier &3S

EH JE R LA PR
AR cifi(0) + erfs(0) c1F () + c2Fo(o)
e f(at) L p)
la| a
HTH F(f) 21/ (-w)
St 1) F'(-o)
f(t—1) Flw)e ™
N >
i f(He Flo—o)
41 (i)' F(o)
5> dr”
=ity £ (1 d"F(w)
do"
- LHO*H@) Fi(o)F (o)
FEfR 1
f(0) L) gF 1(@)*Fa(w)
P 1 @ 2 _ L @ 2
arseva I_w|f(t) | dt o I_w| F(o)| do
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1. 4k
S0+ ef O] e /0 e, 0l dr=a [ f0e e[ e

= C]y[ﬁ (t)] + 0237[}3(1‘)] =cF) ((D) + Cze((D)

2. R

Ff(an]=] ‘: f(at)e ™ dt, Let at=u, we have

Fan=[" fawe “a% =11 rae " du=-r
- 2 Japl= a|

3. HE

fH=—- [* F(o)edo= 1 [* F(e™do
2w 2 I
it Blog i 15
21 (—w)= | ‘: F(t)e™dt = | ‘: F(t)e ™ dt

I 2/ (~w)S2: F(0)) Fourier i +

FIFB)]=2nf (-w)
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RIS LU AL - REL (0 =x(0) +i(r) » ERISEIEEES /(0 =x(0)~iv(0) » A

FUO)=]" [x(0) + ip(0)le ™ di = F(o)
H

FY 0= L) =ivole dr =| [ [x(0) + (0l de | =[F-0)] =F (-0

& (OB EEE > H
[ =)= 71 O1=71f (1]

F'(~0)=F(0) = F(-0) = F (o)

5. A
(DB S 1%

FUt-a)=] ‘: f(t—a)e ™ adt
Lu=t-a> GTER
[* rae ™ Odu=e[" fue ™ du=e"Flf(1)]=Fo)e ™

= FIf(t-a)]=F(w)e ™™

(SRR %

371[F((0—(00)] :LJ"” Flo- (Do)eimtd(o _ LJ'OO F(a)ei(&mo)tdé
27'[ - 27‘[ -0

- ﬁ eim()t jio F(a)ei&’tda :f(t) eimot
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6. flsr
(DB

FUrol=[" fedi=f(ne™

" i) f(ne ™ di= ()7 (0] =(i0)F(w)
IR

FI 0] = (i0)'Flo)

QS
4 py=4 [ roe™at=|" (=it f(@)e™ dt=F1(-it)f (1]
do do o

G

n

;nH@;%GWﬂm
()]

7. 18

S

~

(SRR
FHOHO=[" | [ A fa—odelea=[" o) [ fit-oeddr
ISR R » (PIESE S Fa(o)e™ > P

FUHOH01=]" £, F, (0)dt = Fi(0)Fx(o)
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(AR FERR

fl(t)fz(t)z[ij:F](u)el’“’du}[;n j F(co)e“”dco} j j F (u)Fy(0)e"*" dudw

Suto=v=>o0=v-u 5
oA=L w[j F (u)F, (v - u)du} ’dv——j [ F(v)*F(v)}
21 2w LY
FHOLO) = P Fi)
TC

8. Parseval £
FHFE AR 3 R e S

FUWS )] =ﬁ F()*F"(~o)

Jm F@) f (t)e™dt ——1 Jm F(u)*F (—(0—u))du
—o0 Zn —00
Z w=0- H

w 2 1 (o 2 1 ¢ 2
[ lr@)a = [ IF@of du= - [ |F(@)f do

IV. EEZERY Fourier fEi

k, |t|< i
1 f(t)= |t|<a - F(w):2ks1naco

0, |[t]>a

k, 0<t i _
2 ()= { t>< <a - Fc(w):ksma(o’ Fs(co):k(l coSam)

—at 1 a o
3.f()=u(t)e ™, a>0 & KFHo)=——-:F(0)=—F—7,F(0)=——
a+io a +o a’+o
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Ex. 9

AT G() =,; 2 Fourier Z#Ei# - [104 HGEEE 4]
4-i(2-w)
[ 7 [u(t)e™] = N [u(t)e ™ e™]= L [—1 1= u(t)e 2
’ 4+io d+i(0-2) 4-i2-0)

—a<x<a

2

(a) Compute the convolution of f(x), g(x) when f(x) =g(x) = {0 x|
, |xP>a

(b) Use the convolution theorem H(A) = F(A)*G(A) and the concept of inverse Fourier transform to

o (sin A 2
evaluate j ( Y jdk

1, —a<x—-t<a {1, x—a<t<x+a

Solution: (a) g(x—t)Z{ 0, [x—tl>a

f@ g =" fgx-ndi=[" g(x=ndt=|" u(t-x+a)-u(t—x—a)dt
=[t—x+a)u(t—x+a)—(t—x—a)u(t—x-a)]’,

=[(2a~x) u(2a —x) = (=x) u(=)] = [(=x) u(=x) = (-2a —x) u(-2a - x)]

=2a-x)u(2a—x)+2xu(—x)—Q2a+x)u(—2a—x)
) Fo)=]" e dv="e"dx= e e _2sned_ b
o —i®

—a

0, |x—tpa

frg = [ Fe)G(@e™dx

_Lj»oo (2sin wajzei“”‘d(o

2a—x)u(2a—x) + 2xu(—x) — (2a+x)u(-2a —x) 5
i ®

Let x=0, we get
1 sinwa \’ 2a sinwa

2a=—x4 ( j do=— ( j d(ma)
27 o (0] T Y\ oa

Let wa=A, then

. 2 . 2
gj»oo (smkj D=2, :>jw (smkj P
Y\ A A}
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Ex. 11

1, |t|<1 oosinz(o
. (b)Use (a) result to calculate
o 1o OUE@ [

do

(a)Find the Fourier transform of x(¢) :{

(Hint: Parseval’s relation: [~ |x(¢) | dt =2i [T 1X (@) do). [103 EAR4EE T 2]
—0 T ¥ —°

[17](a) X (®) = J": x(t)e ' dr = j_]]e—icotdt e -e” 2sin ®

(b)EH Parseval's {4215

—io ®

o 1 o 1 1 (= (2sino)
D di=—1| | X(]do =|1>-dt=— do
j_w|x()| 2nj-w| (w) ] L o _w( . j

2 2

2 ¢ sin’ ® © sin’ ®
2:—j do :j do=T7
T =@

k, —-1<x<1 . L . .
s (a)3K f ()BT EEE A (Fourier transform) (b)K

0, otherwise

[Exercises]1. f(x) :{

[ N9 . [101 AR AR 3]
-
2.
(Ans]l. @) 202 b 2.
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